An Analysis of Anomaly Cancellation for Theories in D=10 by Antonelli, Andrea
		
1
An	Analysis	of	Anomaly	Cancellation		
for	Theories	in	D=10	
	
	
Andrea	Antonelli	1,2	
	
1Department	of	Physics,	Faculty	of	Science,		
University	of	Tokyo,	Bunkyo‐ku,	Tokyo	133‐0022,	Japan	
2Department	of	Physics,	King’	s	College	London,	
The	Strand,	London	WC2R	2LS,	United	Kingdom	
	
	
	
	
	
	
	
Abstract	
	
We	prove	 that	 the	 swampland	 for	D=10	ࣨ ൌ 1	SUGRA	coupled	 to	D=10	ࣨ ൌ 1	
SYM	 is	 only	 populated	 by	ܷሺ1ሻସଽ଺and	ܧ଼ ൈ ܷሺ1ሻଶସ଼.	With	 this	 goal	 in	mind,	we	review	 the	 anomalies	 for	 classical	 and	 exceptional	 groups,	 retrieving	 trace	
identities	 up	 to	 the	 sixth	 power	 of	 the	 curvature	 for	 each	 class	 of	 groups.	We	
expand	 this	 idea	 for	 low‐dimensional	 groups,	 for	 which	 the	 trace	 of	 the	 sixth	
power	 is	known	to	 factorize,	and	we	retrieve	such	 factorization.	We	obtain	 the	
total	 anomaly	 polynomials	 for	 individual	 low	 dimensional	 groups	 and	
combinations	of	them	and	finally	we	investigate	their	non‐factorization,	in	such	a	
way	 that	ܷሺ1ሻସଽ଺and	ܧ଼ ൈ ܷሺ1ሻଶସ଼ 	are	 non‐trivially	 shown	 to	 be	 the	 only	anomaly‐free	 theories	 allowed	 in	 D=10.	 Using	 the	 method	 developed	 for	
checking	 the	 factorization	 of	 gauge	 theories,	 we	 retrieve	 the	 Green‐Schwarz	
terms	for	the	two	theories	populating	the	swampland.	
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1.	Introduction	
	
	
1.1	Motivations	behind	this	paper	and	organization	of	the	material	
	
	
In	recent	years,	following	the	work	of	Vafa,	the	“swampland	program”	has	aimed	
at	giving	a	boundary	to	the	swampland	of	the	effective	theories	that	are	not	fully	
embedded	in	theories	of	quantum	gravity	[11,12].	One	important	tool	at	hand	for	
physicists	is	the	concept	of	quantum	anomaly,	and	consequently	anomalies	have	
been	studied	in	detail.	
In	 D=10	 it	 has	 long	 been	 known	 [3]	 that	ܱܵሺ32ሻ,	ܧ଼ ൈ ܧ଼, ܷሺ1ሻସଽ଺and	ܧ଼ ൈܷሺ1ሻଶସ଼	are	 theories	where	 quantum	 anomalies	 are	 cancelled.	 The	 former	 two	
are	also	low	energy	limits	of	string	theories	and	do	not	therefore	pertain	to	the	
swampland.	
	ܷሺ1ሻସଽ଺and	ܧ଼ ൈ ܷሺ1ሻଶସ଼,	 conversely,	 do	 live	 in	 the	 swampland	and	 it	was	not	known	until	recently	whether	or	not	they	were	also	 low	energy	 limits	of	string	
theories.	Following	the	work	of	Fiol	[10]	and	the	joint	work	of	Adams,	DeWolfe	
and	 Taylor	 [4]	 it	 was	 shown	 that	 there	 are	 no	 theories	 of	 gravity	 that	 can	 be	
coupled	 to	 them,	 thus	 confining	 both	 theories	 to	 the	 swampland,	 without	
possibilities	 to	 be	 upgraded	 to	 string	 theories.	 However,	 there	 is	 still	 one	
unanswered	 question:	 are	ܱܵሺ32ሻ,	ܧ଼ ൈ ܧ଼, ܷሺ1ሻସଽ଺and	ܧ଼ ൈ ܷሺ1ሻଶସ଼	the	 only	theories	where	the	anomalies	are	cancelled?		
Hints	for	this	statement	can	be	traced	back	in	the	literature,	mostly	following	the	
original	 statement	 found	 in	 chapter	 13	 of	 [3],	 but	 no	proof	 has	 explicitly	 been	
carried	 out.	 Therefore	 answering	 this	 question	 might	 help	 understand	 the	
structure	of	the	swampland	in	D=10.		
In	 this	 paper	 it	 is	 shown	 that	 indeed	 there	 are	 no	 other	 theories	 in	 the	
swampland	 in	 D=10:	 in	 the	 process	 of	 proving,	 we	 devise	 some	 non‐trivial	
machinery	 that	 is	worthwhile	 presenting	 and	 that	might	 be	 useful	 in	 anomaly	
cancellation	 in	 other	 dimensions;	 also,	 we	 deal	 with	 low‐dimensional	 theories	
that	are	often	overlooked	in	the	analysis	of	anomaly	cancellation.		
The	reader	is	encouraged	to	read	the	first	part	of	this	paper,	as	there	most	of	the	
material	 and	 notation	 is	 presented:	 more	 in	 detail,	 the	 Green‐Schwarz	
Mechanism	is	revisited	in	the	notation	of	Bilal	[5]	and	some	important	points	for	
the	upcoming	sections	are	explained.	Plus,	proof	with	appropriate	references	are	
given	for	the	non‐factorization	of	the	trace	of	the	sixth	power	of	the	curvature	in	
classical	and	exceptional	groups,	following	the	Cartan	classification	of	simple	Lie	
groups.	
The	expert	reader	might	want	to	skip	the	classification	and	non‐factorization	of	
classical	 and	 exceptional	 groups	 and	 dive	 into	 the	 last	 part	 involving	 low‐
dimensional	groups.	There,	the	concept	of	factorization	is	treated	in	detail	and	it	
is	shown	why	anomalies	of	individual	groups	are	carried	along	when	combining	
them	 and	 specifically	what	 non‐canceling	 terms	 of	 the	 polynomial	 contain	 the	
information	about	the	anomaly	of	the	theory.		
This	paper	might	be	of	 interest	 also	 to	 readers	 looking	 for	 the	 factorization	or	
non‐factorization	of	the	trace	of	the	sixth	power	of	the	curvature	in	all	classical,	
exceptional	 and	 low‐dimensional	 groups,	 although	 a	 fairly	 more	 rigorous	
treatment	for	most	(but	not	all)	of	them	is	found	in	[6]	and	[8].	
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1.2	The	Green‐Schwarz	Mechanism		
	
It	is	instructive	at	this	point	to	review	the	mechanism	devised	in	[2]	that	allows	
anomaly	 cancellation.	 In	 doing	 so,	 the	 reader	 will	 be	 reminded	 of	 numerous	
concepts	 that	 will	 be	 fundamental	 for	 understanding	 the	 upcoming	 sections.	
Moreover,	several	of	the	ideas	presented	herein	will	be	useful	when	the	Green‐
Schwarz	mechanism	is	used	for	non‐trivial	groups	in	the	final	sections.	
We	will	begin	saying	that	all	the	information	about	the	anomaly	of	a	system	can	
be	 encapsulated	 in	 the	 total	 anomaly	polynomial	 [5]:	 in	principle,	 then,	 such	 a	
polynomial	can	vanish	if	a	counterterm	depending	on	the	choice	of	a	particular	
gauge	transformation	 is	added.	 If	 this	happens,	 the	gauge	theory	becomes	non‐
anomalous	(or,	equivalently,	anomaly‐free).	
The	Green‐Schwarz	mechanism	does	exactly	this;	 the	groundbreaking	 idea	was	
to	 devise	 an	 “inflow”	method	 to	 construct	 a	 counterterm	 and	 then	 recast	 it	 in	
terms	 of	 a	 12‐form	polynomial,	 in	 such	 a	way	 to	 be	 able	 to	 add	 it	 to	 the	 total	
anomaly	polynomial	and	cancel	it.	
We	 will	 now	 explain	 the	 method	 in	 much	 more	 detail	 referring	 to	 a	 ten	
dimensional	gauge	group	G	that	is	a	ࣨ	=1	Supergravity	coupled	to	a	ࣨ	=1	Super	
Yang‐Mills	 theory.	 As	 a	 remainder,	 the	matter	 content	 of	 SUGRA	 is	 a	multiplet	
comprising	a	positive	chirality	Majorana‐Weyl	gravitino	and	a	negative	chirality	
spin	 ½	 fermion.	 Moreover,	 SUGRA	 contains	 the	 graviton,	 a	 scalar	 renamed	
dilaton	and	a	two‐form	B.	
	On	the	other	hand,	the	Super	Yang	Mills	contains	a	multiplet	of	gauge	fields	ܣఓఈ	
and	gauginos	߯ఈ	that	live	in	the	same	adjoint	representation	[5].		
The	requirement	 for	a	consistent	coupling	 is	given	by	 the	 following	expression	
for	the	field	strength:	
	
ܪ ൌ ݀ܤ െ ܳଷሺܣ, ܨሻ ൅ ߚܳଷሺ߱, ܴሻ ≡ ݀ܤ െ ܳଷ௒ெ ൅ ߚܳଷ௅		
where	ܳଷሺܣ, ܨሻis	the	gauge	Chern‐Simons	form	and	ܳଷሺ߱, ܴሻ	is	the	gravitational	one	 [5].	 The	 invariance	 of	 H	 when	 acted	 upon	 with	 a	 gauge	 and	 Lorentz	
transformation	is	given	as	follows:	
	
ሺߜ௚௔௨௚௘ ൅ ߜ௅ሻܤ ൌ ܳଶ௒ெ,ଵ ൅ ߚܳଶ௅,ଵ 
 
Given the above ingredients, it is now possible to choose a counterterm with an 
appropriate 8-form ଼ܺ retrieved from the characteristic classes: 
 
ΔΓ ൌ නܤ ∧ ଼ܺ 					ݏݑ݄ܿ	ݐ݄ܽݐ 
	
ሺߜ௚௔௨௚௘ ൅ ߜ௅ሻ଼ܺ ൌ 0				ܽ݊݀			 	
		଼ܺ ൌ ݀ܺ଻ 
 
When we act upon the counterterm with a gauge and Lorentz transformation we 
obtain: 
ሺߜ௚௔௨௚௘ ൅ ߜ௅ሻΔΓ ൌ නሺܳଶ௒ெ,ଵ ൅ ߚܳଶ௅,ଵሻ 	∧ ଼ܺ ൌ නሺܳଶ௒ெ,ଵ ൅ ߚܳଶ௅,ଵሻ 	∧ ݀ܺ଻	
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																																												ൌ 	െ ׬ሺߜ ܳଷ௒ெ െ 	ߚߜܳଷ௅ሻ ∧ ܺ଻                                        (1.2.1) 
 
Using the descent equations, (1.2.1) can be recast in terms of 12-form polynomial: 
 
Δܫመଵଶ ൌ ሺݐݎܨଶ െ ߚ	ݐݎܴଶሻ ∧ ଼ܺ 
 
The 12-form polynomial tells us that the total anomaly polynomial is cancelled by 
adding the counterterm if and only if it does not vanish and takes a factorized form. 
This idea is so important that we can safely say that the rest of this report will be 
centered on the concept of factorization: specifically we will be interested in if and 
how the total anomaly polynomial factorizes and therefore vanishes upon adding a 
counterterm ΔΓ. 
Consider again the gauge group G. Its matter content is such that the various 
contributions to the anomaly are [5]: 
 
			ܫଵଶ௚௥௔௩௜௧௜௡௢ ൌ ଵ଺ସሺଶగሻఱ ቀെ
ଵଵ
ଵଶ଺ ݐݎܴ଺ ൅
ହ
ଽ଺ ݐݎܴସݐݎܴଶ െ
଻
ଵଵହଶ ሺݐݎܴଶሻଷቁ																			  (1.2.2.a) 
 
ܫଵଶ
௦௣௜௡ଵଶ ൌ 164ሺ2ߨሻହ ሺݐ࣬ݎ 1ሻ ൬
1
5670 ݐݎܴ
଺ ൅ 14320 ݐݎܴ
ସݐݎܴଶ ൅ 110368 ሺݐݎܴ
ଶሻଷ൰		
												െ	 132ሺ2ߨሻହ ሺݐ࣬ݎ ܨ
ଶሻ ൬ 1360 ݐݎܴ
ସ ൅ 1288 ሺݐݎܴ
ଶሻଶ൰ ൅ 11152ሺ2ߨሻହ ሺݐ࣬ݎ ܨ
ସሻݐݎܴଶ	
	
															െ ଵ଻ଶ଴ሺଶగሻఱ ሺݐ࣬ݎ ܨ଺ሻ																																																																						           (1.2.2.b) 
 
The total anomaly polynomial is given by the contribution of all the components of 
the matter content and can be expressed as follows: 
 
ܫଵଶ௧௢௧௔௟ ൌ ܫଵଶ௚௥௔௩௜௧௜௡௢ െ ܫଵଶ
௦௣௜௡ଵଶ|࣬ୀଵ ൅ ܫଵଶ
௦௣௜௡ଵଶ|࣬ୀ௔ௗ௝ 
 
 
ܫଵଶ௧௢௧௔௟ ൌ 164ሺ2ߨሻହ ൤
݊ െ 496
5670 ݐݎܴ
଺ ൅ ݊ ൅ 2244320 ݐݎܴ
ସݐݎܴଶ 																																							
൅ ݊ െ 6410368 ሺݐݎܴ
ଶሻଷ൨	
															െ	 132ሺ2ߨሻହ ሺܶݎܨ
ଶሻ ൬ 1360 ݐݎܴ
ସ ൅ 1288 ሺݐݎܴ
ଶሻଶ൰ ൅ 11152ሺ2ߨሻହ ሺܶݎܨ
ସሻݐݎܴଶ	
	
															െ ଵ଻ଶ଴ሺଶగሻఱ ሺܶݎܨ଺ሻ																																																																																										 (1.2.3)	
 
Where Tr and tr represents the trace in the adjoint and fundamental representations 
respectively and n is the dimensionality of the gauge group. 
From (1.2.3) two conditions emerge in order for the anomaly to be cancelled. Firstly, 
the number of the dimensions of the gauge group must be 496 in order for ݐݎܴ଺	to 
disappear. A second, equally important condition is given by the factorization of the 
last term ܶݎܨ଺ . Indeed, if this does not factorize the Green-Schwarz mechanism 
cannot be used. This idea will be explained in detail later: for the sake of 
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completeness, however, it is now anticipated that the total anomaly polynomial must 
factorize in such a way that only 8-form and 4-form terms appear, since such is the 
coupling of the electric and magnetic currents. Clearly, ܶݎܨ଺ is a 12-form and does 
not pertain to either factor: factorizing this term in 8-forms and 4-forms allows 
recovering the shape of the coupling of currents, thus giving us a chance to cancel the 
anomaly via the Green-Schwarz mechanism. 
In the next paragraph we explore further the latter condition and we shall see how 
(1.2.3) works for two choices of the gauge group G. 
 
1.3 Anomaly Cancellation in SO(32) and E8xE8 
 
Let us first focus on G≡SO(32): such a Lie group has 496 generators, so its 
dimensions are just enough to cancel the first term of (1.2.3). The remaining problem 
is related to the trace of the sixth order of the curvature F, which should factorize. We 
will now anticipate some useful relations between the traces of the adjoint and those 
of the fundamental representations. The proof will be found in chapter 2, which deals 
with the more general SO(n) group. 
 
  
ܶݎܨଶ ൌ 30ݐݎܨଶ	
ܶݎܨସ ൌ 24	ݐݎܨସ ൅ 3ሺݐݎܨଶሻଶ	
																																																			ܶݎܨ଺ ൌ 15	ܶݎܨଶ	ܶݎܨସ																																																			(1.3.1) 
 
The reason why such trace identities are looked for is simple: in D=10 the SYM 
contains vector gauge fields and Majorana-Weyl spinors that live in the adjoint 
representation. Moreover the anomaly is found to be [3] proportional to a term T 
constructed out of the trace of the elements of the gauge algebra t that live in the 
adjoint representation. Such elements of the gauge algebra can sometimes be daunting 
to evaluate and for this reason relations between traces in the adjoint and fundamental 
representations are looked for: it is in general easier to deal with generators of the 
gauge algebra than with its elements.  
Coming back to the point of the discussion, the relations (1.3.1) are inserted in the 
total anomaly polynomial to obtain a factorized form: 
 
ܫଵଶ௧௢௧௔௟ ൌ 1384ሺ2ߨሻହ ሺݐݎܴ
ଶ െ ݐݎܨଶሻ ൤ݐݎܴସ ൅ 14 ሺݐݎܴ
ଶሻଶ െ ݐݎܴଶݐݎܨଶ ൅ 8ݐݎܨସ൨ 
 
In order to cancel this it is clear that the counterterm ΔΓ must be constructed from the 
following chern 8-form: 
 
		଼ܺ ൌ 1384ሺ2ߨሻହ ൤ݐݎܴ
ସ ൅ 14 ሺݐݎܴ
ଶሻଶ െ ݐݎܴଶݐݎܨଶ ൅ 8ݐݎܨସ൨ 
	
Δܫመଵଶ ൌ 1384ሺ2ߨሻହ ሺݐݎܨ
ଶ െ ݐݎܴଶሻ ൤ݐݎܴସ ൅ 14 ሺݐݎܴ
ଶሻଶ െ ݐݎܴଶݐݎܨଶ ൅ 8ݐݎܨସ൨ 
 
The counterterm is now nothing more than the opposite of the total anomaly 
polynomial so that when the two are added, the anomaly vanishes via G-S 
mechanism: 
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 Δܫመଵଶ ൅ ܫଵଶ௧௢௧௔௟ ൌ 0 
 
A second candidate for a consistent theory is ܧ଼ ൈ ܧ଼.	The	 dimensions	 of	ܧ଼	is	 248,	therefore	the	dimensions	of	the	combination	are	consistent	with	the	first	term	of	
the	anomaly	polynomial.	Again	trace	identities	can	be	retrieved	[5]:	
	
ܶݎܨସ ൌ 9	ሺݐݎܨଵଶሻଶ ൅ 9	ሺݐݎܨଶଶሻଶ,			ܶݎܨ଺ ൌ 7520 ሺݐݎܨଵ
ଶሻଷ ൅ 7520 ሺݐݎܨଶ
ଶሻଷ 
 
where	 the	 indices	 are	 used	 to	 distinguish	 between	 the	 curvatures	 of	 the	 two	
groups	E8 involved. The total anomaly polynomial again factorizes: 
 
ܫଵଶ௧௢௧௔௟ ൌ 1384ሺ2ߨሻହ ൫ݐݎܴ
ଶ െ ݐݎܨଵଶ െ ݐݎܨଶଶ൯ 
൤ݐݎܴସ ൅ 14 ሺݐݎܴ
ଶሻଶ െ ݐݎܴଶ൫ݐݎܨଵଶ ൅ ݐݎܨଶଶ൯ െ 2ݐݎܨଵଶݐݎܨଶଶ ൅ 2ሺݐݎܨଵଶሻଶ ൅ 2ሺݐݎܨଶଶሻଶ൨	
	
The	Green	Schwarz	term	is	then	chosen	to	be:	
	
଼ܺ ൌ 1384ሺ2ߨሻହ ൤ݐݎܴ
ସ ൅ 14 ሺݐݎܴ
ଶሻଶ െ ݐݎܴଶ൫ݐݎܨଵଶ ൅ ݐݎܨଶଶ൯ െ 2ݐݎܨଵଶݐݎܨଶଶ
൅ 2ሺݐݎܨଵଶሻଶ ൅ 2ሺݐݎܨଶଶሻଶ൨	
So	 that,	 following	 the	 same	 reasoning	 as	 above,	 the	 total	 anomaly	 polynomial	
cancels.		
It	turns	out,	to	conclude,	that	there	are	two	more	groups	where	the	anomaly	is	
cancelled,	 namely	ܷሺ1ሻସଽ଺and	ܧ଼ ൈ ܷሺ1ሻଶସ଼	[3].	 These	 groups,	 however,	 do	 not	give	 rise	 to	 string	 theories	 [4,10];	 both	 groups	will	 be	 treated	 conceptually	 in	
section	2.4.5	and	algebraically	in	the	Appendix.	
	
2.	Anomaly	cancellation	in	Lie	groups	with	496			generators	
	
	
2.1	Aim	of	the	paper	
	
It	is	often	said	that	four	groups	cancel	the	anomaly:	ܱܵሺ32ሻ,	ܧ଼ ൈ ܧ଼,	ܷሺ1ሻସଽ଺and	ܧ଼ ൈ ܷሺ1ሻଶସ଼.	For	the	first	two	explicit	calculations	have	been	carried	out	in	the	Introduction	section,	for	the	latter	two	it	is	recommended	to	read	the	Appendix	
of	this	paper.	
Nonetheless	 the	 set	 of	 Lie	 groups	 with	 496	 dimensions	 contains	 many	 more	
groups.	The	situation	looks	then	like	the	following:	
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Fig	1.	Set	of	all	the	Lie	Groups	in	496	dimensions	and	its	internal	classification.	
	
Where	the	set	A	contains	the	theories	in	which	the	anomaly	is	cancelled	and	the	
subset	B	of	theories	embedded	in	a	theory	of	quantum	gravity.	
This	 paper	 aims	 at	 checking	 that	 the	 above‐mentioned	 quartet	 of	 groups	
contains	all	 the	gauge	groups	 for	which	the	anomaly	 is	cancelled	and	therefore	
that	|A|=4.	
	
2.2	Cartan	Classification	of	Simple	Lie	Groups	
	
The	 Cartan	 classification	 of	 Lie	 groups	 into	 classical	 and	 exceptional	 groups	
comes	 in	 very	 handy	 for	 our	 purposes.	 All	 the	 Lie	 groups	 can	be	 reduced	 to	4	
classical	and	5	exceptional	groups	[6]:	
	
	
Classical	Groups	
	
	
Exceptional	Groups	
	
	
An (n ≥ 1) compact 
Bn (n ≥ 2) compact 
Cn (n ≥ 3) compact 
Dn (n ≥ 4) compact 
	
E6 
E7 
E8 
F4 
G2 
 
		
Table	1.	Cartan	Classification	of	Simple	Lie	Groups.	
	
The	main	idea	is	to	check	that	gauge	theories	with	496	dimensions	constructed	
out	 of	 classical	 groups,	 exceptional	 groups	 and	mixtures	 of	 the	 two	 (with	 the	
exception	 of	ܧ଼ ൈ ܧ଼)	 inevitably	 carry	 anomalies	 that	 cannot	 be	 canceled.	 	We	
ܧ଼ ൈ ܧ଼	ܱܵሺ32ሻ	
ܧ଼ ൈ ܷሺ1ሻଶସ଼	ܷሺ1ሻସଽ଺	
B
A
Lie	Groups	
with	496	
generators	
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will	see	that	such	statement	is	intrinsically	related	to	the	non‐factorization	of	the	
trace	in	the	adjoint	representation	of	the	sixth	order	curvature	ܶݎܨ଺.	
Once	 the	 classical	 and	 exceptional	 groups	 are	 found	 to	 be	 anomalous,	 it	 is	
obtained	as	a	corollary	that	no	anomaly‐free	theories	can	be	retrieved	coupling	
any	of	the	group	to	ܷሺ1ሻ௡	for	a	particular	choice	of	n	(see	section	3.1),	again	the	
only	exception	being	the	theory	constructed	via	ܧ଼,	e.g.	ܧ଼ ൈ ܷሺ1ሻଶସ଼.		In	 the	 next	 paragraph	 we	 will	 show	 how	 the	 anomaly	 is	 preserved	 in	 some	
representatives	 of	 the	 classical	 groups,	 that	 nonetheless	 carry	 as	 much	
information	 as	 the	 above‐mentioned	 An, Bn, Cn, Dn. In	 doing	 so,	 we	 will	 derive	
some	useful	trace	identities	that	are	crucial	in	our	study	of	non‐trivial	groups	in	
the	last	section.	
 
2.3 Anomalies in Classical Groups 
   
Throughout	this	chapter	we	assume	that	݊	is	sufficiently	large,	e.g.	݊ ൒ 5	for	An,	
݊ ൒ 4	for	Dn	and	݊ ൒ 3	for	Bn, and Cn. It	will	be	soon	explained	that,	for	large	݊,	
ܶݎܨ଺	does	not	factorize,	whereas	it	does	when	low	dimensional	classical	groups	
are	considered.	The	latter	case	is	thoroughly	discussed	in	section	2.5.		
 
    2.3.1 ࡿࡻሺ࢔ሻ 
 
To	tackle	this	class	of	groups	we	need	to	find	the	relation	between	the	trace	of	
the	adjoint	representation	and	the	one	in	the	fundamental	and	demonstrate	for	
which	groups	ܶݎܨ଺can	or	cannot	factorize.	
The	starting	point	of	the	discussion	is	the	action	of	the	group:	ܱܵሺ݊ሻ	indeed	acts	
on	 an	 anti‐symmetric	 carrier	 space	 denoted	 by	ݒ௞௟	that,	 being	 anti‐symmetric,	satisfies	ݒ௞௟ ൌ െݒ௟௞.		The	transformation	operated	by	the	action	of	the	gauge	group	is	[7]:	
	
ݒ௞௟ → ݒ௞௟ଵ ൌ ሺΩݒሻ௞௟						with		
																																																	ሺΩݒሻ௞௟ ൌ ∑ Ω௞௟௠௡ݒ௠௡																																										௠ழ௡ 			(2.3.1.1)		
The	 indices	k	 and	 l	run	over	 the	dimension	of	 the	group,	e,g	k,l=1,….,	½	n(n‐1),	
where	we	rename	ܰ ൌ ଵଶ ݊ሺ݊ െ 1ሻ	for	future	reference.	What	 has	 been	 found	 so	 far	 is	 an	 action	 via	 an	 adjoint	 representation	 of	 the	
gauge	 group.	 It	 is	 however	 possible	 to	 rewrite	 the	 adjoint	 transformation	 in	
terms	of	the	fundamental	representation	O,	so	to	link	adjoint	and	fundamental	in	
a	first,	unpolished,	relation.	This	is	done	as	follows	(confront	appendix	F	of	[7]):	
	
																																					ሺΩݒሻ௞௟ ൌ ∑ ܱ௞′௞′ ௟ܱ′௟′ݒ௞′௟′௞′,௟′ ൌ 2∑ ܱ௞′௞′ ௟ܱ′௟′ݒ௞′௟′௞′ழ௟′ 																		(2.3.1.2)		
By	comparing	(2.3.1.1)	and	(2.3.1.2)	a	relation	between	the	action	of	the	adjoint	
and	fundamental	representations	is	found:	
	
																																																		Ω௞௟௠௡ ൌ ܱ௞௠ ௟ܱ௡ െ ܱ௞௡ ௟ܱ௠																																															(2.3.1.3)		
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where	the	minus	sign	 is	due	to	the	asymmetry	of	 the	carrier	space	and	plays	a	
crucial	role	in	determining	ܱܵሺ32ሻ	as	the	only	possible	consistent	theory	for	ܩ ൌ
ܱܵሺ݊ሻ.	Let	us	see	how.	
The	relation	(2.3.1.3)	has	been	worked	out	to	the	point	where	the	vector	space	
does	not	appear	anymore.	Since	we	eventually	want	a	relation	between	ܶݎ	and	ݐݎ	
we	calculate	the	former	at	this	very	stage:	
	
ܶݎΩ ൌ෍ Ω௞௟௞௟ ൌ 12௞ழ௟ ෍ Ω௞௟
௞௟
௞,௟
	
	
																															ܶݎΩ ൌ ଵଶ∑ ሺே௞,௟ୀଵ ܱ௞௞ ௟ܱ௟ െ ܱ௞௟ ௟ܱ௞ሻ ൌ
ଵ
ଶ ሾሺݐݎܱሻଶ െ ݐݎሺܱଶሻሿ								(2.3.1.4)		
With	equation	(2.3.1.4)	 the	trace	of	 the	adjoint	has	been	related	to	the	trace	of	
the	fundamental	representation.	However,	the	action	as	the	argument	for	both	is	
not	 as	 useful	 as	 a	 general	 element	 of	 the	 Lie	 Algebra:	 as	 far	 as	 anomalies	 are	
concerned,	indeed,	the	trace	is	usually	calculated	over	the	curvature	࣠,	which	is	
an	element	of	the	Lie	algebra.		
The	easiest	way	to	proceed	now	is	to	recast	the	action	on	the	vector	space	as	an	
exponential	representation:	
	
Ω ൌ ݁࣠			࣠ ∈ ݆ܽ݀݋݅݊ݐ	ݎ݁݌ݎ݁ݏ݁݊ݐܽݐ݅݋݊	
ܱ ൌ ݁ி			ܨ	 ∈ ݂ݑ݊݀ܽ݉݁݊ݐ݈ܽ	ݎ݁݌ݎ݁ݏ݁݊ݐܽݐ݅݋݊	
	
It	is	always	possible	to	Taylor	expand	an	element	of	the	Lie	Algebra	around	the	
identity:	
	
																																								ܶݎΩ ൌ ܶݎ݁࣠ ൌ ܶݎ ቆ1 ൅ ࣠ ൅ ࣠
ଶ
2! ൅
࣠ଷ
3! ൅. . ቇ	
												ൌ 	 12 ൝ቈݐݎ ቆ1 ൅ ܨ ൅
ܨଶ
2! ൅
ܨଷ
3! ൅. . ቇ቉
ଶ
െ ݐݎ ቆ1 ൅ ሺ2ܨሻ ൅ ሺ2ܨሻ
ଶ
2! ൅
ሺ2ܨሻଷ
3! ൅. . ቇൡ	
	
where	the	previous	identity	(2.3.1.4)	has	been	used	in	the	second	step.	It	is	now	
an	easy	task	to	retrieve	the	trace	identities,	since	what	is	left	to	do	is	comparing	
the	terms	with	same	order:	
	
Table	2:	Trace	Identities	for	SO(n)	
	
	
ܶݎ1 ൌ 12 ሾሺݐݎ1ሻ
ଶ െ ݐݎ1ሿ ൌ ݊2 ሺ݊ െ 1ሻܶݎܨ ൌ 0	
ܶݎܨଶ ൌ ሺ݊ െ 2ሻݐݎܨଶ	
ܶݎܨସ ൌ ሺ݊ െ 8ሻݐݎܨସ ൅ 3ሺݐݎܨଶሻଶ	
ܶݎܨ଺ ൌ ሺ݊ െ 32ሻݐݎܨ଺ ൅ 15ሺݐݎܨଶሻሺݐݎܨସሻ	
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where	we	have	used	ݐݎ1 ൌ ݊.	For	simplicity,	we	have	dropped	the	symbol	࣠;	it	is	
intended,	however,	that	the	element	 in	the	LHS	of	which	we	calculate	the	trace	
always	lives	in	the	adjoint	representation.	
The	box	of	 trace	 identities	 for	SO(n)	allows	us	to	answer	a	major	question	that	
was	left	open	a	couple	of	paragraphs	ago.	The	only	SO(n)	group	that	is	allowed	is	
SO(32)	 because	 of	 the	 last	 identity;	 moreover	 the	 identities	 used	 in	 the	
introduction	 are	 retrieved	 from	 the	 above	 ones.	 For	݊ ് 32,	 indeed,	ܶݎܨ଺	does	
not	 factorize	 and	 therefore	 remains	 unchanged	 in	 (1.2.3),	 which	 consequently	
cannot	be	factorized	in	8‐forms	and	4‐forms.		
If	the	total	anomaly	polynomial	is	not	factorized,	the	anomaly	cannot	be	canceled	
via	the	Green‐Schwarz	mechanism.	
	SO(32)	also	contains	496	generators	and	is	coupled	to	a	known	string	theory.	All	
these	conditions	guarantee	a	special	place	in	subset	B	of	Fig.1	to	this	very	special	
gauge	group.	As	for	the	remaining	SO(n)	groups,	they	cannot	even	be	included	in	
subset	A	of	“groups	where	the	anomaly	is	cancelled”	for	the	reasons	just	cited.		
	
				2.3.2	Sp(n)	
	
ܵ݌ሺ݊ሻ	is	a	class	of	groups	that	shares	several	properties	with	ܷܵሺ݊ሻ.	As	far	as	our	
topic	 is	 concerned,	 the	 major	 and	 crucial	 difference	 between	 the	 two	 gauge	
groups	lies	in	the	carrier	space:	it	is	anti‐symmetric	for	ܱܵሺ݊ሻ	and	symmetric	for	
ܵ݌ሺ݊ሻ.	The	analysis	of	the	latter	class	goes	hand	in	hand	with	that	of	the	former,	
with	the,	at	first,	harmless‐looking	difference	in	the	sign	of	the	relation	between	
the	traces	in	adjoint	and	fundamental	representations.	For	ܵ݌ሺ݊ሻ	we	have:	
	
Ω௞௟௠௡ ൌ ܱ௞௠ ௟ܱ௡ ൅ ܱ௞௡ ௟ܱ௠		
which	leads	to:	
	
ܶݎΩ ൌ 12 ሾሺݐݎܱሻ
ଶ ൅ ݐݎሺܱଶሻሿ	
	
At	 this	point	 the	expression	can	be	Taylor	expanded	 in	much	 the	 same	way	as	
before:	
	
	
			ܶݎΩ ൌ ܶݎ݁࣠ ൌ ܶݎ ቆ1 ൅ ࣠ ൅ ࣠
ଶ
2! ൅
࣠ଷ
3! ൅. . ቇ	
												ൌ 	 12 ൝ቈݐݎ ቆ1 ൅ ܨ ൅
ܨଶ
2! ൅
ܨଷ
3! ൅. . ቇ቉
ଶ
൅ ݐݎ ቆ1 ൅ ሺ2ܨሻ ൅ ሺ2ܨሻ
ଶ
2! ൅
ሺ2ܨሻଷ
3! ൅. . ቇൡ	
	
So	that,	finally,	the	trace	relations	for	ܵ݌ሺ݊ሻ	can	be	found.	
	
Table	3:Trace	Identities	for	Sp(n)	
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ܶݎ1 ൌ 12 ሾሺݐݎ1ሻ
ଶ ൅ ݐݎ1ሿ ൌ ݊2 ሺ݊ ൅ 1ሻܶݎܨ ൌ 0	
ܶݎܨଶ ൌ ሺ݊ ൅ 2ሻݐݎܨଶ	
ܶݎܨସ ൌ ሺ݊ ൅ 8ሻݐݎܨସ ൅ 3ሺݐݎܨଶሻଶ	
ܶݎܨ଺ ൌ ሺ݊ ൅ 32ሻݐݎܨ଺ ൅ 15ሺݐݎܨଶሻሺݐݎܨସሻ	
	
	
And	here	is	the	caveat.	There	can	be	no	gauge	group	for	which	n	cancels	the	first	
term	ݐݎܨ଺	of	 the	 last	 identity.	 Therefore,	 as	 the	 term	 survives,	 the	 anomaly	
cannot	be	canceled	via	G.S.	mechanism.	
	
			2.3.3	ࡿࢁሺ࢔ሻ	
	
In	the	case	of	ܷܵሺ݊ሻ	the	action	on	the	carrier	space	is	given	by	[7]:	
	
ሺܷݒሻ௜௝ ൌ ௜ܷ௝;௞௟ݒ௞௟ ൌ ݑ௜௞ሺݑ∗ሻ		௟௝ ݒ௞௟ 			
whereas	 the	 relation	 between	 adjoint	 and	 fundamental	 actions	 is	 obtained	 by	
taking	the	direct	product	of	n	and	n*	in	ܷܵሺ݊ሻ	minus	the	trace:	
		
௜ܷ
௝;௞
௟ ൌ ݑ௜௞ሺݑ∗ሻ		௟௝ െ
1
݊ ߜ௜
௝ߜ௟௞	
	
Upon	calculating	the	traces	we	obtain:	
	
																																																						ܶݎ	ܷ ൌ ሺݐݎ	ݑሻሺݐݎ	ݑ∗ሻ െ 1																																						(2.3.3.1)	
	
since	ݐݎߜ௜௝ߜ௟௞ ൌ ݊.	The	relation	(2.3.3.1)	is	quite	what	we	wanted.	Analogously	to	ܱܵሺ݊ሻ	the	actions	are	recast	in	terms	of	elements	of	the	gauge	algebra.	
	
ܷ ൌ ݁࣠			࣠ ∈ ݆ܽ݀݋݅݊ݐ	ݎ݁݌ݎ݁ݏ݁݊ݐܽݐ݅݋݊	
ݑ ൌ ݁ி			ܨ	 ∈ ݂ݑ݊݀ܽ݉݁݊ݐ݈ܽ	ݎ݁݌ݎ݁ݏ݁݊ݐܽݐ݅݋݊	
	
Expanding	LHS	and	RHS	of	relation	(2.3.3.1)	the	following	is	obtained:	
	
ܶݎ ቆ1 ൅ ࣠ ൅ ࣠
ଶ
2! ൅
࣠ଷ
3! ൅. . ቇ
ൌ ݐݎ ቆ1 ൅ ܨ ൅ ܨ
ଶ
2! ൅
ܨଷ
3! ൅. . ቇ ݐݎ ቆ1 ൅ ܨ ൅
ܨଶ
2! ൅
ܨଷ
3! ൅. . ቇ
∗
െ 1	
	
It	is	important	to	note	at	this	point	that	F	is	anti‐hermitian	and	therefore	satisfies	
ܨ∗ ൌ െܨ.	 Expanding	 the	 RHS	 in	 light	 of	 this	 property	 and	 then	 comparing	 the	
terms	with	same	power	leads	to	the	trace	identities	for	SU(n):	
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Table	4:	Trace	identitites	for	ܷܵሺ݊ሻ	
	
	
ܶݎ1 ൌ ݊ଶ െ 1	
ܶݎܨ ൌ 0	
ܶݎܨଶ ൌ 2݊ሺݐݎܨଶሻ	
ܶݎܨସ ൌ 2݊ሺݐݎܨସሻ ൅ 6ሺݐݎܨଶሻଶ	
ܶݎܨ଺ ൌ 2݊ሺݐݎܨ଺ሻ ൅ 30ሺݐݎܨସሻሺݐݎܨଶሻ
																െ20ሺݐݎܨଷሻଶ	
	
We	see	that	the	trace	of	the	sixth	order	curvature	is	not	cancelled	and	therefore	
all	ܷܵሺ݊ሻ		theories	are	anomalous.	
	
	
2.4	Anomalies	in	Exceptional	groups	
	
				2.4.1	G2	
	
G2	has	been	widely	studied,	therefore	many	of	its	properties	are	well‐known.	It	is	
known,	 for	 example,	 that	 the	 group	 possesses	 14	 generators	 and	 that	 the	
fundamental	rep	is	7	[7].	
For	our	purposes,	we	will	only	be	concerned	with	the	maximal	subgroup	ܷܵሺ2ሻ.	
The	 action	 of	 the	 maximal	 subgroup	 on	 the	 7=ሼݔఈ, ̅ݔఈ, ݕሽ,	 where	ሺݔఈሻ∗ ൌ ̅ݔఈ	represent	hermitian	 spinors	and	y	 represents	a	 scalar,	defines	 transformations	
closed	 under	 a	 Lie	 Algebra	 with	 generators	 ௜ܶ	(see	 [7]	 for	 more	 details).	 The	decomposition	of	adjoint	and	fundamental	reps	under	SU(3)	yields:	
	
૚૝ ⟶ ૡ ൅ ૜ ൅ ૜∗, ݆ܽ݀݋݅݊ݐ		
			ૠ ⟶ ૜ ൅ ૜∗ ൅ ૚,								݂ݑ݊݀ܽ݉݁݊ݐ݈ܽ	
	
G2	has	only	two	Casimir	operators,	C2	and	C6:	therefore	both	of	them	play	a	role	in	
determining	ܶݎܨ଺.	 	Specifically,	 the	 identity	of	 the	sixth	power	must	satisfy	 the	
following	relation:	
	
																																																				ܶݎܨ଺ ൌ ߙ	ݐݎܨ଺ ൅ ߚ	ሺݐݎܨଶሻଷ																																			(2.4.1.1)	
	
Let	 us	 have	 a	 look	 at	 this	 equation.	 As	 repeatedly	 emphasized,	 anomaly	
cancellation	can	only	occur	when	ܶݎܨ଺	factorizes.	In	the	method	reported	in	this	
section,	 such	statement	 is	equivalent	 to	 saying	 that	ߙ	is	vanishing:	 if	 this	 is	 the	
case,	 indeed,	ܶݎܨ଺	can	 be	 expressed	 in	 terms	 of	 traces	 of	 lower	 power	 in	 the	
fundamental	representation.	Conversely,	if	ߙ ് 0	the	theory	is	anomalous.	
The	generators	of	the	Lie	Algebra	are	the	starting	point	of	the	discussion	for	G2;	
this	is	again	due	to	their	relative	ease	to	use	compared	to	the	general	elements	of	
the	 Lie	 Algebra	 such	 as	 the	 curvature	F.	 Throughout	 the	 next	 paragraphs,	 the	
calculations	that	will	be	performed	using	the	generators.	Indeed,	they	are	easier	
to	 use	 and	 a	 non‐vanishing	 trace	 of	 the	 sixth	 power	 of	 the	 generator	 in	 the	
adjoint	representation	bears	the	same	consequences	of	a	non‐vanishing	ߙ.		
In	our	case	the	generators	of	the	maximal	subalgebra	are:	
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ଵܶ ൌ െ ݅2൭
0 1 0
1 0 0
0 0 0
൱ 				 ଶܶ ൌ െ ݅2൭
0 െ݅ 0
݅ 0 0
0 0 0
൱
				 ଷܶ ൌ െ ݅2൭
1 0 0
0 െ1 0
0 0 0
൱ 	 ସܶ ൌ െ ݅2൭
0 0 1
0 0 0
1 0 0
൱
	
	
ହܶ ൌ െ ݅2൭
0 0 െ݅
0 0 0
݅ 0 0
൱ ଺ܶ ൌ െ ݅2൭
0 0 0
0 0 1
0 1 0
൱
	 ଻ܶ ൌ െ ݅2൭
0 0 0
0 0 െ݅
0 ݅ 0
൱ ଼ܶ ൌ െ ݅2√3൭
1 0 0
0 1 0
0 0 െ2
൱
	
	
We	can	then	retrieve	an	expression	for	the	second,	fourth	and	sixth	power	of	a	
generator	and	calculate	the	relevant	traces.	The	trace	of	the	adjoint	is	calculated	
using	the	 identities	of	ܷܵሺ݊ሻ;	 the	choice	of	course	being	related	to	the	maximal	
subalgebra	ܷܵሺ3ሻ.	
Since	 relation	 (2.4.1.1)	 contains	 two	 constants,	 the	 procedure	described	 above	
must	be	carried	for	two	generators,	so	to	obtain	a	system	of	two	equations	in	two	
variables:	the	generators	of	interest	for	us	are	 ଷܶ	and	଼ܶ .	We	begin	by	calculating	a	first	expression	in	two	variables	using	the	former	generator:	
	
ଷܶଶ ൌ െ14൭
1 0 0
0 1 0
0 0 0
൱																				 ଷܶ଺ ൌ െ 164൭
1 0 0
0 1 0
0 0 0
൱			
	
	
and	therefore,	
	
ܶݎሺ ଷܶ଺ሻ ൌ െ 164 െ
1
64 ൌ െ
2
64	
ܶݎ൫ ଷܶ଺∗൯ ൌ െ 164 െ
1
64 ൌ െ
2
64		
The	last	trace	to	obtain	before	calculating	the	total	trace	of	the	adjoint	is	ܶݎሺ଼ܶ଺ሻ.		
Upon	 using	 the	 trace	 identities	 of	 SU(n)	 the	 following	 result	 is	 obtained:	
	
ܶݎሺ଼ܶ଺ሻ ൌ െ2 െ 116		
and	in	conclusion	the	trace	of	the	adjoint	representation	is	given	by:	
	
																																							ܶݎሺ ଷܶ଺ሻ ൌ െ2 െ ଵଵ଺ െ
ଶ
଺ସ െ
ଶ
଺ସ ൌ െ
ଵ଻
଼ 																																		(2.4.1.2)		
As	far	as	the	traces	of	the	fundamental	representation	go,	we	have:	
	
ݐݎሺ ଷܶ଺ሻ ൌ ݐݎሺ ଷܶ଺ሻ ൅ ݐݎሺ ଷܶ∗଺ሻ ൌ െ ସ଺ସ ,						ݐݎሺ ଷܶଶሻ ൌ ݐݎሺ ଷܶଶሻ ൅ ݐݎሺ ଷܶ∗ଶሻ ൌ െ1				(2.4.1.3)		
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Substituting	equations	(2.4.1.3)	and	(2.4.1.2)	 into	the	relation	(2.4.1.1)	 the	 first	
expression	up	to	two	constants	is	obtained:	
	
																																																							െ ଵ଻଼ ൌ ߙ ቀെ
ଵ
ଵ଺ቁ ൅ ߚሺെ1ሻ																																						(2.4.1.4)		
This	is	clearly	not	enough	to	determine	ߙ	and	ߚ,	but	it	shows	the	path	to	follow	
to	obtain	a	second	expression	of	such	type.		
Now	let	us	calculate	the	square,	fourth	power	and	sixth	power	of	ߣ଼.		
	
଼ܶଶ ൌ െ 112൭
1 0 0
0 1 0
0 0 4
൱ ଼ܶଷ ൌ ݅24√3൭
1 0 0
0 1 0
0 0 െ8
൱
	଼ܶସ ൌ 1144൭
1 0 0
0 1 0
0 0 16
൱ ଼ܶ଺ ൌ െ 112ଷ ൭
1 0 0
0 1 0
0 0 64
൱
	
	
Hence,	the	traces	of	the	fundamental	representation	are	given	by	
	
																									ݐݎሺ଼ܶଶሻ ൌ െ1,																							ݐݎሺ଼ܶ଺ሻ ൌ ቀെ ଵଵଶቁ
ଷ ሺ66 ൅ 66ሻ ൌ െ ଵଵଵସସ		
whereas	the	trace	of	the	adjoint	is:	
	
																																															ܶݎሺ଼ܶ଺ሻ ൌ െ ଶ଻ଵ଺ െ
ଵଵ
ଵସସ ൌ െ
ଵଶ଻
଻ଶ 		
The	expression	obtained	in	this	case	is:	
	
																																															െ ଵଶ଻଻ଶ ൌ ߙ ቀെ
ଵଵ
ଵସସቁ ൅ ߚሺെ1ሻ																																										(2.4.1.5)		
It	is	clear	that	this	is	incompatible	with	(2.4.1.4).	A	first,	naïve,	thought	would	be	
to	consider	the	only	case	of	interest	for	us,	namely	ߙ ൌ 0.	Such	particular	result	
leads	 to	 two	 different	 values	 of	ߚ	in	 the	 system;	 clearly	 a	 contradiction.		
To	be	more	precise,	the	system	of	equations	yields	ߙ ൌ െ26	and	ߚ ൌ ଵହସ .	Relation	(2.4.1.1)	then	becomes:	
																																																		ܶݎܨ଺ ൌ െ26	ݐݎܨ଺ ൅ ଵହସ 	ሺݐݎܨଶሻଷ																														(2.4.1.6)		
and	does	not	factorize.	In	conclusion,	G2	is	not	anomalous.		
	
Incidentally,	 one	 might	 wonder	 if	 the	 trace	ݐݎܨ଺	of	 (2.4.1.1)	 further	 factorizes	
into	ሺݐݎܨଶሻଷ;	 in	 other	 words,	 one	 might	 wonder	 if	ݐݎܨ଺	is	 a	 primitive	 Casimir.	
The	 above	 discussion	 rules	 out	 this	 possibility	 since	ߙ	and	ߚ	are	 determined	
uniquely.	Suppose,	conversely,	that	it	is	possible	to	factorize	ݐݎܨ଺	as	follows:	
	
																																																													ݐݎܨ଺ ൌ ߢሺݐݎܨଶሻଷ																																																	(2.4.1.7)	
	
Then	inserting	(2.4.1.7)	into	(2.4.1.6)	we	obtain:		
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ݐݎܨ଺ ൌ ൬െ26ߢ ൅ 154 ൰ ሺݐݎܨ
ଶሻଷ							
	
So	that	in	this	case	the	most	general	(2.4.1.1)	has	solutions:	
																																			
ሺߙ, ߚሻ ൌ ൬0,െ26ߢ ൅ 154 ൰		
These	values	are	 clearly	differing	 from	 the	unique	constants	obtained	with	 the	
general	method,	so	that	the	initial	assumption	is	not	valid	and	ݐݎܨ଺	is	a	primitive	
Casimir	by	contradiction.	
This	proof	holds	whenever	the	constants	of	ܶݎܨ଺	are	determined	uniquely.		
As	we	 shall	 see	 this	 is	 the	 case	 for	 all	 the	 exceptional	 groups,	 so	 that	ݐݎܨ଺	is	 a	
primitive	Casimir	in	all	the	groups	that	we	will	be	interested	in.		
	
				2.4.2	F4	
	
F4		 has	 52	 generators	 and	ܱܵሺ9ሻ	as	 the	 maximal	 subalgebra.	 The	 fundamental		
representation	is	26.	The	decomposition	under	ܱܵሺ9ሻ	is:	
	
૞૛ ⟶ ૜૟ ൅ ૚૟,													݆ܽ݀݋݅݊ݐ		
૛૟ ⟶ ૢ ൅ ૚૟ ൅ ૚,								݂ݑ݊݀ܽ݉݁݊ݐ݈ܽ	
	
F4	has	also	rank	4,	therefore	it	possesses	4	Casimir	operators,	which	are:	C2,	C6,	C8,	
C12.	[8]	In	light	of	this,	the	expression	for	the	trace	is	still	(2.4.1.1).	The	problem	is	
still	to	check	if	ߙ ് 0.	The	two	representations	of	the	generators	chosen	are:	
	
ଵܶ ൌ ቌ
0 1 0
െ1 0 0
0 0 0
…
⋮ ⋱
ቍ
ଽൈଽ
																			 ଶܶ ൌ ቌ
0 1 1
െ1 0 0
െ1 0 0
…
⋮ ⋱
ቍ
ଽൈଽ
	
	
The	spinor	representation	is	given	by	 ௦ܶ௣ଶ ൌ െ ଵସ ܫଵ଺ൈଵ଺	[7].	The	trace	of	the	fundamental	representation	is	the	sum	of	the	contribution	from	
the	generator	and	that	of	the	spinor	representation.	Therefore	we	have:	
	
ݐݎሺ ଵܶሻଶ ൌ െ2 െ 164 ൌ െ6		
ݐݎሺ ଵܶሻ଺ ൌ െ2 െ 1664 ൌ െ
9
4			
and	following	the	trace	identities	for	ܱܵሺ݊ሻ	we	obtain	as	the	adjoint	trace:	
	
ܶݎሺ ଵܶሻ଺ ൌ െ14 െ 1664 ൌ െ
57
4 		
which	leads	to	an	expression	for	the	trace	in	two	constants:	
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57
4 ൌ ߙ ൬
9
4൰ ൅ ߚሺ216ሻ		
The	 same	 procedure	 is	 repeated	 for	 the	 second	 generator.	 The	 spinor	
representation	is	in	this	case	 ௦ܶ௣ଶ ൌ െ ଵଶ ܫଵ଺ൈଵ଺.	One	then	obtains:		
																																																					ݐݎሺ ଶܶሻଶ ൌ െ4 െ 8 ൌ െ12																																							(2.4.2.1)		
ݐݎሺ ଶܶሻ଺ ൌ െ10 െ 2 ൌ െ12		
																																																					ܶݎሺ ଶܶሻ଺ ൌ െ132																																																							(2.4.2.2)		
Where	 the	 last	 trace	 has	 been	 found	 with	 the	 usual	 relation	 for	 the	 trace	
identities	of	ܱܵሺ݊ሻ.	The	second	trace	identity	up	to	two	constants	is	then:	
	
132 ൌ ߙሺ12ሻ ൅ ߚሺ1728ሻ	
	
and	 it	 is	 clear	 that	ߙ	is	 non‐vanishing.	 The	 system	 of	 equations	 results	 in	ߙ ൌ
	െ3, ߚ ൌ ଻଻ଶ	,	so	that	the	trace	identity	(2.4.1.1)	becomes:		
ܶݎܨ଺ ൌ െ3	ݐݎܨ଺ ൅ 772	ሺݐݎܨ
ଶሻଷ	
	
Therefore	F4	is	anomalous.	
	
				2.4.3	E6	
	
This	group	has	adjoint	representation	78	and	fundamental	27.	There	are	several	
subgroups	that	one	could	use	to	decompose	such	representations.		
Two	 examples	 are	ܱܵሺ10ሻ ൈ ܷሺ1ሻ	and	ܷݏ݌ሺ8ሻ	,	 under	which	 the	 decomposition	
can	be	found	in	[9].	Another	suitable	subgroup	is	F4	and	we	will	use	it	since	most	
of	the	calculations	involved	have	already	been	carried	out	in	section	2.4.2.	Under	
F4	the	decomposition	is:	
	
ૠૡ ⟶ ૛૟ ൅ ૞૛,													݆ܽ݀݋݅݊ݐ		
૛ૠ ⟶ ૚ ൅ ૛૟,													݂ݑ݊݀ܽ݉݁݊ݐ݈ܽ	
	
As	 far	 as	 the	Casimir	operators	are	 concerned,	 the	 relevant	ones	 are	C2	and	C6.	
Hence,	 the	 trace	 to	 find	 is	 still	 (2.4.1.1).	 The	 trace	 of	 the	 fundamental	 rep	 for	
generator	1	is	the	same	as	(2.4.2.1),	since	the	factor	1	does	not	contribute	to	the	
trace.	We	see	also	that	the	trace	of	the	adjoint	is	the	sum	of	traces	(2.4.2.1)	and	
(2.4.2.2),	already	calculated	previously.	The	first	relation	then	is	easily	obtained:	
	
144 ൌ ߙሺ12ሻ ൅ ߚሺ1728ሻ	
	
Similary,	the	traces	fundamental	and	adjoint	representation	are	calculated	using	
ݐݎሺ ଵܶሻ଺	and	ܶݎሺ ଶܶሻ଺	from	the	previous	section	to	obtain:		
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33
2 ൌ ߙ ൬
9
4൰ ൅ ߚ ൬
9
4൰
ଷ
	
	
The	system	of	equations	gives	ߙ ൌ ହଷ଴଼଻ସଵ , ߚ ൌ
ଶଶସ
଺଺଺ଽ.	Anomaly	cancellation,	even	 in	this	case,	is	not	possible.	The	trace	identity	becomes:	
	
ܶݎܨ଺ ൌ 5308741 	ݐݎܨ
଺ ൅ 2246669	ሺݐݎܨ
ଶሻଷ	
	
				2.4.4	E7	
	
The	next	structure	encountered	in	our	journey	through	the	exceptional	groups	is	
E7.	 The	 group	 has	 133	 generators	 and	ܷܵሺ8ሻ	as	 a	maximal	 subgroup.	 It	 is	 also	
important	 to	know	that	 the	 fundamental	representation	 is	56.	Under	ܷܵሺ8ሻ	the	
decomposition	is	as	follows:	
	
૚૜૜ ⟶ ૟૜ ൅ ૠ૙,													݆ܽ݀݋݅݊ݐ		
			૞૟ ⟶ ૛ૡ ൅ ૛ૡ∗,													݂ݑ݊݀ܽ݉݁݊ݐ݈ܽ	
	
The	 relevant	 Casimir	 are	 unchanged,	 hence	 there	 is	 no	 need	 to	 modify	 the	
structure	 of	ܶݎܨ଺.	 Decomposing	 under	 the	 maximal	 subgroup	 and	 taking	 into	
account	the	dimensionality	of	the	representations	we	obtain:	
	
ܶݎ૟૜ܨ଺ ൅ ݐݎૠ૙ܨ଺ ൌ ߙ	ሺ2ݐݎ૛ૡܨ଺ሻ ൅ ߚሺ2ݐݎ૛ૡܨଶሻଷ			
where	we	 have	 exploited	 the	 fact	 that	 the	 fundamental	 representation	 is	 real.	
The	method	 used	 for	 this	 exceptional	 group	 differs	 slightly	 from	 the	 previous	
ones.	 To	 check	 that	ߙ ് 0	we	 calculate	 the	 coefficients	 of	 the	 sixth	 power	
element	of	the	Lie	Algebra	for	both	first	and	second	term	in	the	LHS.	Assuming	
ߙ ൌ 0	such	 coefficient	 should	 vanish:	 checking	 that	 this	 is	 or	 is	 not	 the	 case	 is	
equivalent	to	checking	a	non‐vanishing	ߙ	and	therefore	the	factorization	or	non‐
factorization	of	the	anomaly	polynomial.	
As	 generators	 we	 choose	 any	 linear	 combination	ܶ	of	 the	 seven	 independent	
generators	of	ܷܵሺ8ሻ,	 labeled	ݐ௜	for	 i=1,2,…8	[7].	ܶ	is	 therefore	an	element	of	 the	Lie	Algebra	and	we	can	use	the	last	trace	identity	in	table	4	to	obtain:	
	
ܶݎ૟૜ܶ଺ ൌ 8 ∙ 2∑ 	ݐ௜଺௜ ൅ 15	∑ 	ݐ௜ଶ௜ 	∑ 	ݐ௜ସ ൅ 15	 ∑ 	ݐ௜ସ௜ ∑ 	ݐ௜ଶ௜ 	െ 20	ሺ∑ 	ݐ௜ଷ௜ ሻଶ௜ 			
															ൌ 16∑ 	ݐ௜଺௜ ൅ 30	 ∑ 	ݐ௜ଶ௜ 	∑ 	ݐ௜ସ െ 20	ሺ∑ 	ݐ௜ଷ௜ ሻଶ௜ 																																						(2.4.4.1)		
A	 similar	 argument	 is	 used	 for	ݐݎૠ૙ܨ଺.	 In	 this	 case,	 however,	 the	 states	 are	labeled	ݐ௜, ݐ௝, ݐ௞, ݐ௟	with	݅ ൏ ݆ ൏ ݇ ൏ ݈.	 Let	 us	 focus	 on	 the	 sixth	 power	 term.	The	
restricted	sum	of	the	states	can	be	recast	as	a	combination	of	unrestricted	sums	
[7].	
	
෍ ൫ݐ௜ ൅	ݐ௝ ൅ ݐ௞ ൅ ݐ௟൯଺ ൌ
௜ழ௝ழ௞ழ௟
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ଵ
ଶସ ቀ∑ ൫ݐ௜ ൅ 	ݐ௝ ൅ ݐ௞ ൅ ݐ௟൯
଺
௜,௝,௞,௟ െ 6∑ ሺ2ݐ௜ ൅ ݐ௞ ൅ ݐ௟ሻ଺௜ୀ௝,௞,௟ ൅
3∑ ሺ2ݐ௜ ൅ 2ݐ௞ሻ଺௜ୀ௝,௞ୀ௟ ൅ 8∑ ሺ3ݐ௜ ൅ ݐ௟ሻ଺௜ୀ௝ୀ௞,௟ െ 6∑ ሺ4ݐ௜ሻ଺௜ୀ௝ୀ௞ୀ௟ ቁ		
(2.4.4.2)	
	
Using	(2.4.4.1)	and	(2.4.4.2)	we	can	finally	collect	the	two	coefficients	of	the	sixth	
power	terms.		
	
ܶݎ૟૜ܶ଺ ∝ ܿଵ෍ ݐ௜଺௜ ,						ݐݎૠ૙ܶ
଺ ∝ ܿଶ෍ ݐ௜଺௜ 		
ܿଵ	is	readily	obtained	by	inspection	of	(2.4.4.1).	Clearly,	ܿଵ ൌ 16.	A	more	involved	calculation	is	needed	for	ܿଶ.		
ܿଶ ൌ 124 ሾ1
଺ ൅ 1଺ ൅ 1଺ ൅ 1଺ െ 6ሺ2଺ ൅ 1଺ ൅ 1଺ሻ ൅ 3ሺ2଺ ൅ 2଺ሻ	
	
					൅8ሺ3଺ ൅ 1଺ሻ െ 6ሺ4଺ሻ ൌ 3ହ െ 2ଵ଴	
	
The	appropriate	case	for	us	 is	ߙ ൌ 0.	Assuming	this	 is	 the	case	and	considering	
only	 the	 sixth	 powers,	 the	 RHS	 of	 relation	 (2.4.1.1)	 vanishes:	 the	 first	 term	 is	
indeed	zero	by	assumption,	the	second	is	not	proportional	to	ݐ௜଺.	The	condition	then	becomes:	
	
ሺܿଵ ൅ ܿଶሻ෍ ݐ௜଺௜ ൌ 0 ∙෍ ݐ௜
଺
௜
ൌ 0	
	
But	 clearly	ܿଵ ൅ ܿଶ ് 0	as	 it	has	been	calculated	 just	 above.	We	conclude	 that	ߙ	must	 be	 different	 than	 zero	 and	 that	 consequently	 the	 factorization	 of	ܶݎܨ଺	is	
not	possible.	
	
				2.4.5	E8	
	
We	end	our	discussion	on	exceptional	groups	with	the	one	relevant	to	anomaly‐
free	gauge	theories.	In	section	1.2	of	the	Introduction	it	was	discussed	how	ܧ଼ ൈܧ଼	cancels	 the	 anomaly	 via	 Green‐Schwarz	mechanism.	 It	 was	 also	 anticipated	that	ܷሺ1ሻସଽ଺	and	ܷሺ1ሻଶସ଼ ൈ ܧ଼	cancel	 the	 anomalies.	 It	 is	 now	 time	 to	 spare	 a	thought	 on	 the	 last	 statement.	 Why	 does	ܧ଼ 	behave	 differently	 from	 its	exceptional	siblings?		
The	 answer	 lies	 in	 the	 Casimir	 operators	 of	 ܧ଼ .	 These	 are	 ܥ௜ 	for	
i=2,8,12,14,18,20,24,30.	Therefore	the	group	does	not	possess	ܥ଺.	Consequently,	the	factorization	of	ܶݎܨ଺	is	possible	because	there	is	not	such	factor	at	all.	In	the	
literature	[2]	one	can	see	that	ܶݎܨସ	and	ܶݎܨଶ	are	non‐vanishing	and	factorizable	
[see	the	trace	identities	in	(1.3.1)].	
For	the	above	reasons	ܧ଼	provides	a	good	base	to	develop	anomaly‐free	models.	In	 the	 introduction	ܧ଼ ൈ ܧ଼was	 considered,	 however	 the	 reader	 should	 also	remember	 that	 the	 group	ܷሺ1ሻ	behaves	 differently	 from	 its	 class	ܷሺ݊ሻ.	 Indeed,	
this	gauge	group	cancels	the	anomaly	(a	good	reference	is	chapter	12	of	[5]).	As	a	
corollary	any	496‐dimensional	theory	constructed	solely	upon	multiplication	of	
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ܷሺ1ሻ	is	anomaly‐free.	Clearly,	the	only	possible	way	is	to	consider	the	anomaly‐
free	ܷሺ1ሻସଽ଺	theory.	
	Finally,	 we	 could	 combine	 E8	and	ܷሺ1ሻ	in	 a	 496‐dimensional	 theory	 that	 is	
anomaly‐free	for	the	reasoning	just	cited.	Again,	there	is	only	possible	way	to	do	
this,	 e.g.	ܷሺ1ሻଶସ଼ ൈ ܧ଼ .	 For	 an	 algebraic	 treatment	 of	 these	 theories,	 e.g.	factorization	 via	 the	 Green‐Schwarz	 mechanism,	 consult	 the	 appendix	 of	 this	
paper.	There,	the	Green	Schwarz	terms	are	retrieved	for	both	the	groups	in	the	
swampland,	in	a	manner	that	is	similar	to	the	analysis	carried	out	for	ܧ଼ ൈ ܧ଼	and	ܱܵሺ32ሻ	in	the	introduction.	
	
	
2.5	Some	“strange“	low‐dimensional	groups	
	
	
It	seems	that	the	method	used	above	provides	a	way	to	answer	positively	to	the	
initial	 question:	 are	 the	 groups	 where	 the	 anomaly	 is	 cancelled	 only	 four?	
However,	care	must	be	taken	in	analyzing	the	method.		
Indeed,	we	 start	 our	 discussion	 assuming	 that	ܶݎܨ଺	factorizes	 if	 the	 first	 term	
ߙ	ݐݎܨ଺	vanishes.	 This	 is	 checked	 demonstrating	 that	ߙ ് 0	for	 any	 class	 of	
groups.	 However,	 a	 vanishing	ߙ	does	 not	 logically	 preclude	 the	 idea	 that	ݐݎܨ଺	
itself	might	factorize	in	lower	order	powers	of	F.	Such	factorization	is	a	property	
of	some	low‐dimensional	groups	that,	nicely,	can	all	be	traced	to	some	ܷܵሺ݊ሻ	for	
݊ ൑ 5,	ܵ݌ሺ2ሻ	and	products	thereof.		
The	 method	 presented	 previously,	 therefore,	 does	 not	 stand	 for	 them	 as	
formulated	above	and	anomaly	cancellation	must	be	checked	differently,	in	such	
a	way	to	account	for	the	factorization	of	ܶݎܨ଺.		
Fortunately	enough,	the	Green‐Schwarz	mechanism	holds	for	any	group	and	thus	
also	 for	 low	dimensional	ܷܵሺ݊ሻ	groups	and	ܵ݌ሺ2ሻ.	 It	seems	a	good	 idea	 to	start	
from	this	reassuring	mechanism	and	we	will	do	it	employing	it	for	ܵ݌ሺ2ሻ	first.	
	
			2.5.1	ࡿ࢖ሺ૛ሻ	
	
The	goal	here	is	to	factorize	the	total	anomaly	polynomial	(1.2.3),	in	line	with	the	
general	 idea	of	 the	mechanism	explained	 in	section	1.3.	The	 three	 terms	of	 the	
polynomial	that	factorize	in	lower	order	ones	are	ܶݎܨ଺,	ܶݎܨସ	and	ܶݎܨଶ.		
Specifically,	the	structure	of	the	factorization	is	such	that:	
	
ܶݎܨଶ ൌ ܥଵ ∙ ݐݎ	ܨଶ		
ܶݎܨସ ൌ ܥଶ ∙ ሺݐݎ	ܨଶሻଶ ൅ ܥଷ ∙ ݐݎ	ܨସ		
ܶݎܨ଺ ൌ ܥସ ∙ ሺݐݎ	ܨଶሻଷ ൅ ܥହ ∙ ݐݎ	ܨସݐݎ	ܨଶ	
	
The	generators	ܶ	used	for	checking	ܵ݌ሺ2ሻ	are:	
	
ଵܶ ൌ ቀ0 ݅݅ 0ቁ																			 ଶܶ ൌ ൬
݅ߪଵ 00 ݅ߪଷ൰		
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Only	 one	 generator	 is	 needed	 for	ܶݎܨଶ,	 as	 it	 contains	 one	 constant,	 and	 the	
factorization	is	trivially	found	using	the	results	in	Table	3:	
	
																																																												ܶݎܨଶ ൌ 6	ݐݎ	ܨଶ																																																			(2.5.1.1)	
	
ܶݎܨସ	needs	two	sets	of	calculations	performed	on	the	two	generators.	Again,	the	
LHS	is	calculated	using	the	general	trace	identity	of	the	fourth	power	for	ܵ݌ሺ݊ሻ	
with	݊ ൌ 2.	The	two	generators	yield	a	system	of	equations	with	variables	ܥଶ	and	ܥଷ	that,	once	solved,	allows	us	to	write	down	the	trace	identity	for	ܶݎܨସ:		
																																																	ܶݎܨସ ൌ 3ሺݐݎ	ܨଶሻଶ ൅ 12	ݐݎ	ܨସ																																			(2.5.1.2)	
	
A	similar	argument	is	brought	upon	for	the	trace	of	the	sixth	power,	which	reads:	
	
																																											ܶݎܨ଺ ൌ െ ଽଶ ሺݐݎ	ܨଶሻଷ ൅ 42	ݐݎ	ܨସݐݎ	ܨଶ																											(2.5.1.3)		
For	 simplicity	 we	 now	 set	݊ ൌ 496	in	 (1.2.3),	 so	 to	 obtain	 the	 total	 anomaly	
polynomial	of	interest	for	the	factorization	(we	adapt	to	the	notation	of	[2]	here):	
	
ܫଵଶ|௡ୀସଽ଺ ൌ െ 115ܶݎܨ
଺ ൅ 124ܶݎܨ
ସݐݎܴଶ െ 1960ܶݎܨ
ଶሾ4ݐݎܴସ ൅ 5ሺݐݎܴଶሻଶሿ	
																																		൅ ଵ଼ ݐݎܴଶݐݎܴସ ൅
ଵ
ଷଶ ሺݐݎܴଶሻଷ																																																		(2.5.1.4)																																				
Relations	(2.5.1.1),	(	2.5.1.2)	and	(	2.5.1.3)	are	now	plugged	into	(2.5.1.4	):	
	
ܫଵଶௌ௣ሺଶሻ ൌ 930 ሺݐݎ	ܨ
ଶሻଷ െ 4215 ݐݎܨ
ଶݐݎܨସ ൅ 18 ሺݐݎ	ܨ
ଶሻଶݐݎܴଶ ൅ 12 ݐݎܴ
ଶݐݎܨସ
െ 140 ݐݎܨ
ଶݐݎܴସ െ 132 ݐݎܨ
ଶሺݐݎܴଶሻଶ ൅ 18 ݐݎܴ
ଶݐݎܴସ ൅ 132 ሺݐݎܴ
ଶሻଷ	
	
(2.5.1.5)	
	
The	question	is	now	whether	or	the	polynomial	above	factorizes.		
Before	going	any	further,	it	is	compelling	to	report	that	the	Green‐Schwarz	in	its	
original	sense	is	the	application	of	the	counterterm	ΔΓ	in	heterotic	supergravity:	
this	 theory	 has	 a	 12‐degree	 Chern	 class	ܫଵଶ	that	 factorizes	 as	଼ܫ ∧ ܫସ;	 that	 is	precisely	how	the	physical	electric	and	magnetic	currents	respectively	factorize.	
The	 gauge	 theories	 that	 we	 have	 been	 considering	 in	 this	 paper	 fall	 in	 this	
category,	and	therefore	when	we	check	factorization	we	also	have	to	check	that	
the	following	constraint	is	satisfied:	
	
																																																															ܫଵଶ ൌ ସܻ ∧ 	଼ܺ																																																				(2.5.1.6)		
Of	 course,	 nothing	 prevents	 the	 polynomial	 (2.5.1.4)	 from	 factorizing	 without	
condition	 (2.5.1.6).	 However,	 the	 resulting	 gauge	 theories	 would	 not	 be	
consistent	from	the	string	viewpoint.	 In	 light	of	this,	we	will	be	concerned	only	
with	theories	that	factorize	and	satisfy	the	constraint.	
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Let	us	turn	our	attention	to	ܵ݌ሺ2ሻ	again.	F	and	R	have	by	definition	degree	2.	In	
principle,	 therefore,	 the	 4‐degree	 and	 8‐degree	 terms	 can	 be	 separated	 up	 to	
seven	constants:	
	
ସܻ ∧ 	଼ܺ ൌ	ሺܿଵݐݎܨଶ ൅ ܿଶݐݎܴଶሻ ∙ ሾܿଷሺݐݎܨଶሻଶ ൅ ܿସሺݐݎܴଶሻଶ ൅ ܿହݐݎܴଶݐݎܨଶ ൅ ܿ଺ݐݎܨସ ൅ ܿ଻ݐݎܴସሿ		
(2.5.1.7)	
	
What	 is	 not	 sure,	 however,	 is	 whether	 or	 not	 seven	 constants	 that	 satisfy	 the	
equation	simultaneously	exist.	This	can	be	checked	by	inspection	setting	one	of	
the	variables	to	be	ܿଵ ൌ ଵଵ଴.	By	consequent	expansion	and	comparison	of	terms	in	
equations	 (2.5.1.7)	 and	 (2.5.1.5)	we	 obtain:	ܿଷ ൌ 3,	ܿଶ ൌ ଵଶସ,	ܿ଻ ൌ
ଵ
ଵଽଶ,	ܿ଺ ൌ
ଵ
ସ଼	and	
ܿସ ൌ ଵ଻଺଼,	 which	 have	 been	 computed	 comparing	 terms	ሺݐݎ	ܨଶሻଷ,	ሺݐݎ	ܨଶሻଶݐݎܴଶ,	ݐݎܴଶݐݎܴସ	and	ሺݐݎܴଶሻଷ	respectively.	
Let	us	have	a	look	at	what	we	have	so	far:	
	
ସܻ ∧ 	଼ܺ ൌ ൬ 110 	ݐݎܨ
ଶ ൅ 124 		ݐݎܴ
ଶ൰
∙ ൤3ሺݐݎܨଶሻଶ ൅ 1768 ሺݐݎܴ
ଶሻଶ ൅ ܿହݐݎܴଶݐݎܨଶ ൅ 148	ݐݎܨ
ସ ൅ 1192	ݐݎܴ
ସ൨	
	
The	only	remaining	constant	is	ܿହ.	However,	we	can	see	that	it	can	be	retrieved	comparing	 two	 addends,	ሺݐݎ	ܨଶሻଶݐݎܴଶ	and	ݐݎܨଶሺݐݎܴଶሻଶ.	 In	 fact,	 the	 system	
satisfying	ܿହ	is	 overdetermined	 as	 there	 are	 two	 equations	 for	 one	 variable.	 If	these	are	in	accordance	a	unique	solution	for	the	constant	can	be	found	and	thus	
the	total	anomaly	polynomial	can	be	factorized	completing	the	work	done	so	far.	
However,	comparing	the	ሺݐݎ	ܨଶሻଶݐݎܴଶ	terms	the	result	reads	ܿହ ൌ 0.	A	contradiction	is	obtained	when	this	is	inserted	in	the	equation	comparing	the	
latter	 term	ݐݎܨଶሺݐݎܴଶሻଶ,	 thus	 proving	 that	 the	 anomaly	 of	ܵ݌ሺ2ሻ	cannot	 be	
cancelled	through	the	G.S.	mechanism.		
	
			2.5.2	ࡿࢁሺ૛ሻ	
	
In	 section	 2.5.1	 we	 have	 developed	 a	 method	 to	 construct	 a	 factorized	
polynomial	up	to	six	constants	and	to	check	it	for	a	particular	theory.	Of	course	
the	particular	theory	need	not	be	ܵ݌ሺ2ሻ	and	we	herein	show	that	the	argument	
stands	for	the	next	group	considered,	ܷܵሺ2ሻ.	
	
The	 structures	 of	 the	 factorization	 of	 higher	 order	 traces	 is	 even	 simpler	 than	
ܵ݌ሺ2ሻ	as	one	single	constant	is	present	in	each	relation:	
	
ܶݎܨଶ ൌ ߞଵ ∙ ݐݎ	ܨଶ		
ܶݎܨସ ൌ ߞଶ ∙ ሺݐݎ	ܨଶሻଶ		
ܶݎܨ଺ ൌ ߞସ ∙ ሺݐݎ	ܨଶሻଷ		
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The	generator	 is	ܶ ൌ ݅ߪ ൌ ቀ݅ 00 െ݅ቁ	and	the	trace	 identities	are	those	of	 table	4,	with	the	particular	choice	݊ ൌ 2:	
	
																																																															ܶݎܨଶ ൌ 4ݐݎ	ܨଶ																																														(2.5.2.1)	
	
																																																												ܶݎܨସ ൌ 8ሺݐݎ	ܨଶሻଶ																																											(2.5.2.2)		
	
																																																												ܶݎܨ଺ ൌ 16ሺݐݎ	ܨଶሻଷ																																								(2.5.2.3)	
	
The	total	anomaly	polynomial	for	such	a	theory	is	therefore:	
	
ܫଵଶௌ௎ሺଶሻ ൌ െ1615 ሺݐݎ	ܨ
ଶሻଷ ൅ 13 ሺݐݎ	ܨ
ଶሻଶݐݎܴଶ െ 1240 ݐݎܨ
ଶሾ4ݐݎܴସ ൅ 5ሺݐݎܴଶሻଶሿ
൅ 18 ݐݎܴ
ଶݐݎܴସ ൅ 132 ሺݐݎܴ
ଶሻଷ	
	
and	again	we	look	for	a	factorization	satisfying	(2.5.1.6).	This	has	the	form:	
	
ሺܿଵݐݎܨଶ ൅ ܿଶݐݎܴଶሻ ∙ ሾܿଷሺݐݎܨଶሻଶ ൅ ܿସሺݐݎܴଶሻଶ ൅ ܿହݐݎܴଶݐݎܨଶ ൅ ܿ଺ݐݎܴସሿ		
Let	 us	 begin	 by	 setting	ܿଶ ൌ ଵଶ.	 By	 comparing	 terms	 with	 a	 factor	ݐݎܴଶݐݎܴସ	we	
readily	obtain	ܿ଺ ൌ ଵସ.	Then,	 in	much	the	same	way	as	described	above,	 the	 two	
constants	 are	 used	 as	 bases	 to	 obtain:	ܿଵ ൌ െ ଵଵହ,	ܿଷ ൌ 16	and	ܿହ ൌ
ଵ
ଵ଺.	 Now	 the	situation	looks	like	this:		
	
൬െ 115 ݐݎܨ
ଶ ൅ 12 		ݐݎܴ
ଶ൰ ∙ ൤16ሺݐݎܨଶሻଶ ൅ ܿସሺݐݎܴଶሻଶ ൅ 116 	ݐݎܴ
ଶݐݎܨଶ ൅ 14	ݐݎܴ
ସ൨	
	
ܿସ	is	 determined	 by	 an	 usual	 overdetermined	 system	 of	 equations	 obtain	 by	comparison	 of	 the	 coefficients	 of	ݐݎܨଶሺݐݎܴଶሻଶ	and	ݐݎܴଶሺݐݎܨଶሻଶ.	 Unfortunately,	
even	this	time	the	system	leads	to	a	contradiction	and	ܷܵሺ2ሻ	cannot	therefore	be	
factorized	and	cancelled	via	G.S.	mechanism.	
	
			2.5.3	ࡿࢁሺ૜ሻ	
	
This	is	a	critical	group.	The	factorization	of	higher	order	traces	is	as	follows:	
	
ܶݎܨଶ ൌ ଵܺ ∙ ݐݎ	ܨଶ		
ܶݎܨସ ൌ ܺଶ ∙ ሺݐݎ	ܨଶሻଶ		
ܶݎܨ଺ ൌ ܺଷ ∙ ሺݐݎ	ܨଶሻଷ ൅ ܺସ ∙ ሺݐݎ	ܨଷሻଶ		
Upon	using	ܶ ൌ ൭
ܽ 0 0
0 ܾ 0
0 0 ܽ െ ܾ
൱	as	 generator	 and	 the	 trace	 identities	of	 table	4	
with	݊ ൌ 3	we	get:	
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ܶݎܨଶ ൌ 6	ݐݎ	ܨଶ	
	
ܶݎܨସ ൌ 9	ሺݐݎ	ܨଶሻଶ	
	
ܶݎܨ଺ ൌ 332 ሺݐݎ	ܨ
ଶሻଷ ൅ 22	ሺݐݎ	ܨଷሻଶ	
	
Inserting	such	relations	into	the	anomaly	polynomial	we	obtain:	
	
ܫଵଶௌ௎ሺଷሻ ൌ െ1110 ሺݐݎ	ܨ
ଶሻଷ ൅ 2215	ሺݐݎ	ܨ
ଷሻଶ ൅ 38 ሺݐݎ	ܨ
ଶሻଶݐݎܴଶ െ 140 ݐݎܨ
ଶݐݎܴସ
െ 132 ݐݎܨ
ଶሺݐݎܴଶሻଶ ൅ 18 ݐݎܴ
ଶݐݎܴସ ൅ 132 ሺݐݎܴ
ଶሻଷ	
(2.5.3.1)	
	
And	already	it	can	be	seen	that	the	second	term	is	proportional	to	ݐݎ	ܨଷ	having	
degree	6.	Factorization	of	this	polynomial	might	be	possible,	but	it	is	impossible	
for	it	to	satisfy	condition	(2.5.1.6).	Therefore	a	non‐vanishing	ݐݎܨଷ	term	leads	to	
the	non‐factorizability	of	(2.5.3.1).	The	theory	is	anomalous.	
	
			2.5.4	ࡿࢁሺ૝ሻ	and		ࡿࢁሺ૞ሻ	
	
The	trace	identity	of	the	sixth	power	curvature	is	for	both	theories:	
	
																														ܶݎܨ଺ ൌ ߙ ∙ ሺݐݎ	ܨଶሻଷ ൅ ߚ ∙ ሺݐݎ	ܨଷሻଶ ൅ ߛ ∙ ݐݎ	ܨସݐݎ	ܨଶ														(2.5.4.1)	
	
An	argument	similar	to	that	used	for	ܷܵሺ3ሻ	can	be	exploited.	It	is	now	clear	that	
the	 problem	 now	 reduces	 to	 the	 preliminary	 question:	 does	 the	 coefficient	 of	
ݐݎܨଷ	vanish?	If	ߙ ് 0,	 indeed,	we	cannot	even	try	to	cancel	the	anomaly	via	the	
G.S.	mechanism	as	we	are	prevented	from	doing	it	by	condition	(2.5.1.6).	
The	way	this	is	formulated	reminds	us	of	the	method	used	to	check	classical	and	
exceptional	 groups	 in	 sections	 2.3	 and	 2.4,	 where	 the	 question	 was:	 does	 the	
coefficient	of	ݐݎܨ଺	vanish?	
To	 proceed,	 then,	 we	 will	 first	 the	 question	 answer	 whether	ߙ ൌ 0	or	 not;	
consequently,	we	demonstrate	that	the	G.S.	mechanism	cannot	be	used.	
	
						2.5.4.1	ࡿࢁሺ૝ሻ		
	
Apart	from	the	above	constructed	trace	of	the	sixth	order	(2.5.4.1),	ܷܵሺ4ሻ	has	the	
following	trace	structures:	
	
ܶݎܨଶ ൌ ଵܻ	ݐݎ	ܨଶ		
ܶݎܨସ ൌ ଶܻ	ሺݐݎ	ܨଶሻଶ		
To	 obtain	ܶݎܨଶ 	and	ܶݎܨସ 	one	 generator	 is	 sufficient,	 however	ܶݎܨ଺ 	has	 3	
constants	 and	 thus	 requires	 3	 generators.	We	use	 the	 general	 traceless	matrix	
ܶ ൌ ൭
ܽ 0 0
0 ܾ 0
0 0 ܽ െ ܾ
൱	and	set	three	different	combinations	of	a,b,c.	
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ଵܶ ൌ ቌ
1 0 0 00
0
0
1
0
0
0
0
0
0
0
െ2
ቍ										 ଶܶ ൌ ቌ
2 0 0 00
0
0
1
0
0
0
0
0
0
0
െ3
ቍ									 ଷܶ ൌ ቌ
1 0 0 00
0
0
1
0
0
0
1
0
0
0
െ3
ቍ	
	
(2.5.4.1.1)	
The	 trace	 identities	 for	ܷܵሺ݊ሻ	with	݊ ൌ 4	are	 used.	 The	 method	 is	 always	 to	
create	a	system	in	3	equations	using	the	generators	and	solve	it.	The	results	are	
directly	shown	below:	
	
																																																												ܶݎܨଶ ൌ 8	ݐݎ	ܨଶ																																															(2.5.4.1.2)			
	
																																																												ܶݎܨସ ൌ 10	ሺݐݎ	ܨଶሻଶ																																							(2.5.4.1.3)	
	
ܶݎܨ଺ ൌ 184475 ሺݐݎ	ܨ
ଶሻଷ ൅ 35 ሺݐݎ	ܨ
ଷሻଶ ൅ 80425 ݐݎ	ܨ
ସݐݎ	ܨଶ	
	
By	 inspection	ߙ ് 0	and	 therefore	 the	 total	 anomaly	 polynomial	 contains	 a	 6‐
degree	term	that	does	not	satisfy	(2.5.1.6).	The	theory	is	anomalous.	
	
	
	
						2.5.4.2	ࡿࢁሺ૞ሻ		
	
Once	the	calculations	for	ܷܵሺ4ሻ	are	performed	the	ones	for	ܷܵሺ5ሻ	are	trivial	and	
the	 group	 is	 easily	 demonstrated	 to	 be	 anomalous.	 In	 fact,	 the	 generators	 of	
ܷܵሺ5ሻ		are	 the	 same	 as	 those	 of	ܷܵሺ4ሻ.	 This	 means	 that	 the	 generators	 used	
before	(2.5.4.1.1)	can	be	used	in	this	case	as	well.	
The	only	condition	to	be	careful	about	is	that	the	trace	identities	of	ܷܵሺ݊ሻ	must	
now	be	used	with	݊	set	to	5.		
This	 of	 course	 only	 affects	 the	 trace	 of	 the	 sixth	 power,	 so	 that	 (2.5.4.1.2)	 and	
(2.5.4.1.3)	 still	hold	 in	 this	 case.	After	 the	system	of	equations	 is	 computed	we	
have:	
	
ܶݎܨ଺ ൌ 38615 ሺݐݎ	ܨ
ଶሻଷ ൅ 34 ሺݐݎ	ܨ
ଷሻଶ ൅ 32710 ݐݎ	ܨ
ସݐݎ	ܨଶ	
	
and	the	theory	is	anomalous	for	the	same	reasons	explained	above.	
	
	
3.	Combinations	of	anomalous	theories	
	
	
			3.1	Outline	of	the	chapter	
	
In	section	2.5.4	we	accomplished	much	in	our	study	of	496	dimensional	groups.	
It	 is	 now	 known	 that	 even	 the	 low	 dimensional	 groups	 are	 individually	
anomalous.	However,	the	G.S.	mechanism	is	a	global	property	of	the	theory:	that	
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is,	different	 contributions	can	combine	 in	 such	a	way	 that	 the	 total	anomaly	of	
the	 combination	 factorizes.	 This	 is	 what	 is	 done	 when	ܷሺ1ሻ	theories	 are	
combined	with	ܧ଼	or	when	ܧ଼	is	combined	with	itself.	Here	we	show	that	 if	any	of	 the	contributions	 is	anomalous,	 the	 information	of	
the	 anomaly	 is	 transmitted	 to	 the	 whole	 group,	 thus	making	 it	 anomalous.	 In	
doing	so,	we	can	conclude	that	ܧ଼ ൈ ܧ଼	and	ܧ଼ ൈ ܷሺ1ሻଶସ଼	can	cancel	the	anomaly	only	because	the	bases	theories	are	anomaly‐free.	
To	 analyze	 this	 statement,	 combinations	 of	 classical	 and	 exceptional	 groups,	
ܷܵሺ݊ሻ	for	݊ ൌ 2,3,4,5	and	ܵ݌ሺ2ሻ	must	 be	 checked.	 In	 general,	 if	 two	 theories	
combine	the	total	trace	in	the	adjoint	representation	is	such	that:	
	
ܶݎܨ଺்ை் ൌ ܶݎܨ଺்ுாைோ௒	ଵ ൅ ܶݎܨ଺்ுாைோ௒	ଶ		
This	 helps	 us	 rule	 out	 combinations	 involving	ܷܵሺ݊ሻ	for	݊ ൌ 3,4,5	as	 well	 as	
anomalous	classical	and	exceptional	groups	from	the	very	beginning:	in	the	case	
of	ܷܵሺ3ሻ, ܷܵሺ4ሻ	and	ܷܵሺ5ሻ	the	 6‐degree	 term	ݐݎ	ܨଷ	survives	 for	 whatever	 the	
choice	of	the	latter	theory	is.	In	the	case	of	anomalous	exceptional	and	classical	
groups,	 the	 12‐degree	 term	ݐݎ	ܨ଺	 is	 the	 contribution	 preventing	 the	 G.S.	
mechanism.		
Therefore,	 to	 investigate	 how	 the	 information	 of	 the	 anomaly	 is	 transmitted,	
anomaly‐free	 theories	 constructed	 out	 of	ܷܵሺ2ሻ	and	ܵ݌ሺ2ሻ	must	 be	 studied:	
generally	 speaking,	 it	 is	possible	 to	construct	 three	 types	of	gauge	group	using	
such	 two	 bases	 and	 the	 anomaly‐free	ܷሺ1ሻ.	 In	 full	 generality,	 the	 three	 groups	
are:	
	
ܩଵ ൌෑܷܵሺ2ሻ௜ ൈ ܷሺ1ሻସଽ଺ିଷ௡
௡
௜ୀଵ
	
	
ܩଶ ൌෑܵ݌ሺ2ሻ௜ ൈ ܷሺ1ሻସଽ଺ିଵ଴௠
௠
௜ୀଵ
	
	
ܩଷ ൌෑܷܵሺ2ሻ௜ ൈෑܵ݌ሺ2ሻ௜ ൈ ܷሺ1ሻସଽ଺ିଵ଴௠ିଷ௡
௠
௜ୀଵ
௡
௜ୀଵ
	
	
Here	 we	 have	 used	 the	 fact	 that	ܷܵሺ2ሻ	and	ܵ݌ሺ2ሻ	have	 3	 and	 10	 dimensions,	
respectively.		
We	 will	 show	 by	 induction	 that	 these	 groups	 possess	 a	 non‐factorizable	 total	
anomaly	polynomial.	In	fact,	we	will	start	from	the	simplest	case	for	each	of	the	
three	groups,	e.g.	we	will	 start	by	a	combination	of	only	 two	groups	and	ܷሺ1ሻ௡	
for	some	suitable	݊.		
By	 induction	 it	 will	 be	 clear	 that	 adding	 more	 groups	 will	 not	 cancel	 the	
anomalous	contributions	and	that	combinations	involving	the	above	groups	and	
ܧ଼	are	anomalous.	This	proof	will	work	in	a	way	analogous	to	falling	dominoes:	to	make	all	the	dominoes	fall,	one	needs	a	starting	piece	and	a	little	thrust;	in	the	
same	way,	 to	 rule	 out	 all	 the	 combinations	 of	 anomalous	 groups	 one	 needs	 a	
starting	 anomalous	 theory,	 e.g.	 the	 ones	 found	 in	 the	 previous	 chapter,	 and	 a	
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little	 thrust,	e.g.	a	check	 that	even	the	simplest	combination	will	not	cancel	 the	
pre‐existing	anomaly.	
To	 construct	 the	 total	 anomaly	 polynomial	 we	 will	 be	 as	 general	 as	 possible:	
specifically,	we	will	 not	 start	 from	 the	 anomaly	polynomial	 for	n=496	 that	has	
been	used	to	find	those	of	the	low	dimensional	groups	[see	(2.5.1.4)],	but	rather	
we	will	be	interested	in	developing	a	total	anomaly	polynomial	starting	from	the	
matter	content	of	each	theory.		
We	 also	 check	 in	 the	 Appendix	 that	 starting	 from	 the	 matter	 content	 allows	
recovering	 the	 factorization	 of	 groups	 that	 are	 known	 to	 factorize,	 hence	
allowing	us	to	construct	Green	Schwarz	terms	for	them.	
	
	
			3.2	Combinations	of	ࡿࢁሺ૛ሻ	and	ࢁሺ૚ሻ	
	
As	anticipated,	we	consider	the	simplest	case	ܷܵሺ2ሻ ൈ ܷܵሺ2ሻ ൈ ܷሺ1ሻସଽ଴.	The	
individual	contributions	to	the	total	anomaly	polynomial	are	the	anomalies	of	
supergravity	and	of	the	Yang‐Mills	theory.	To	remind	the	reader,	the	anomaly	
arising	from	supergravity	is:	
	
																																										ܫଵଶௌ௎ீோ஺ ൌ ܫଵଶ௚௥௔௩௜௧௜௡௢ െ	ܫଵଶ௦௣௜௡
భ
మ|࣬ୀଵ	           		
where	the	individual	contributions	are	the	ones	used	already	in	section	1.2:	
	
																				ܫଵଶ௚௥௔௩௜௧௜௡௢ ൌ ଵ଺ସሺଶగሻఱ ቀെ
ଵଵ
ଵଶ଺ ݐݎܴ଺ ൅
ହ
ଽ଺ ݐݎܴସݐݎܴଶ െ
଻
ଵଵହଶ ሺݐݎܴଶሻଷቁ							(3.2.1)	
	
ܫଵଶ
௦௣௜௡ଵଶ ൌ 164ሺ2ߨሻହ ሺݐ࣬ݎ 1ሻ ൬
1
5670 ݐݎܴ
଺ ൅ 14320 ݐݎܴ
ସݐݎܴଶ ൅ 110368 ሺݐݎܴ
ଶሻଷ൰		
												െ	 132ሺ2ߨሻହ ሺݐ࣬ݎ ܨ
ଶሻ ൬ 1360 ݐݎܴ
ସ ൅ 1288 ሺݐݎܴ
ଶሻଶ൰ ൅ 11152ሺ2ߨሻହ ሺݐ࣬ݎ ܨ
ସሻݐݎܴଶ	
	
															െ ଵ଻ଶ଴ሺଶగሻఱ ሺݐ࣬ݎ ܨ଺ሻ																																																																						              (3.2.2)	
	
As	 far	 as	 the	Yang‐Mills	 theory	 is	 concerned,	we	need	 to	 calculate	 an	 anomaly	
polynomial	for	ܷܵሺ2ሻ	and	one	for	ܷሺ1ሻସଽ଴.		
ܫଵଶ
௦௣௜௡భమ	provides	 a	 general	 basis	 for	 both	 theories:	 in	 the	 case	 of	ܷሺ1ሻସଽ଴,	 the	
anomaly	of	the	spin	is	calculated	setting	ݐ࣬ݎ 1 ൌ ܷ݀݅݉ሺ1ሻସଽ଴ ≡ ݊ଵ	and	ܨ ൌ 0.		In	 the	 case	 of	ܷܵሺ2ሻ	the	 trace	 relations	 (2.5.2.1),	 (2.5.2.2)	 and	 (2.5.2.3)	 are	
inserted	in	(3.2.2),	with	ݐ࣬ݎ 1 ൌ ܷ݀݅݉ܵሺ2ሻ ≡ ݊ଶ.	The	results	are:		
																					ܫଵଶ௎ሺଵሻ
రవబ ൌ ଵ଺ସሺଶగሻఱ ቀ
௡భ
ହ଺଻଴ ݐݎܴ଺ ൅
௡భ
ସଷଶ଴ ݐݎܴସݐݎܴଶ ൅
௡భ
ଵ଴ଷ଺଼ ሺݐݎܴଶሻଷቁ						(3.2.3)	
	
ܫଵଶௌ௎ሺଶሻ ൌ
1
64ሺ2ߨሻହ ቀ
݊ଶ
5670 ݐݎܴ
଺ ൅ ݊ଶ4320 ݐݎܴ
ସݐݎܴଶ ൅ ݊ଶ10368 ሺݐݎܴ
ଶሻଷቁ		
												െ	 18ሺ2ߨሻହ ሺݐݎܨ
ଶሻ ൬ 1360 ݐݎܴ
ସ ൅ 1288 ሺݐݎܴ
ଶሻଶ൰ ൅ 1144ሺ2ߨሻହ ሺݐݎܨ
ଶሻଶݐݎܴଶ	
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															െ ଵସହሺଶగሻఱ ሺݐݎܨ2ሻ3																																																																	                      (3.2.4)	
	
Starting	 from	 (3.2.4)	 it	 is	 trivial	 to	 obtain	 an	 expression	 for	 the	 anomaly	 of	
ܷܵሺ2ሻ ൈ ܷܵሺ2ሻ.	In	fact,	the	only	relevant	consideration	is	to	distinguish	a	factor	R	
common	to	both	theories	and	a	factor	F	that	is	different	and	labeled	accordingly.	
	
ܫଵଶௌ௎ሺଶሻൈௌ௎ሺଶሻ ൌ
1
64ሺ2ߨሻହ ൬
݊ଶ ൅ ݊ଷ
5670 ݐݎܴ
଺ ൅ ݊ଶ ൅ ݊ଷ4320 ݐݎܴ
ସݐݎܴଶ ൅ ݊ଶ ൅ ݊ଷ10368 ሺݐݎܴ
ଶሻଷ൰		
												െ	 18ሺ2ߨሻହ ൫ݐݎܨଵ
ଶ ൅ ݐݎܨଶଶ൯ ൬ 1360 ݐݎܴ
ସ ൅ 1288 ሺݐݎܴ
ଶሻଶ൰
൅ 1144ሺ2ߨሻହ ݐݎܴ
ଶ ቀ൫ݐݎܨଵଶ൯ଶ ൅ ሺݐݎܨଶଶሻଶቁ	
	
																												െ ଵସହሺଶగሻఱ ሺሺݐݎܨ12ሻ3 ൅ ሺݐݎܨ22ሻ3	ሻ																																							        (3.2.5)              	
	
where	݊ଷ	denotes	the	dimensions	of	the	additional	ܷܵሺ2ሻ	theory.		The	total	anomaly	of	the	Yang‐Mills	theory	is	simply	the	sum	of	contributions	to	
the	 gauge	 theory,	 namely	 (3.2.3),	 (3.2.4)	 and	 (3.2.5).	We	use	 the	 fact	 that	݊ଵ ൅݊ଶ ൅ ݊ଷ ൌ 496	to	write:		
ܫଵଶ௒ெ ൌ 164ሺ2ߨሻହ ൬
496
5670 ݐݎܴ
଺ ൅ 4964320 ݐݎܴ
ସݐݎܴଶ ൅ 49610368 ሺݐݎܴ
ଶሻଷ൰		
												െ	 18ሺ2ߨሻହ ൫ݐݎܨଵ
ଶ ൅ ݐݎܨଶଶ൯ ൬ 1360 ݐݎܴ
ସ ൅ 1288 ሺݐݎܴ
ଶሻଶ൰
൅ 1144ሺ2ߨሻହ ቀ൫ݐݎܨଵ
ଶ൯ଶ ൅ ሺݐݎܨଶଶሻଶቁ ݐݎܴଶ	
	
																																									െ ଵସହሺଶగሻఱ ሺሺݐݎܨ12ሻ3 ൅ ሺݐݎܨ22ሻ3	ሻ																										        (3.2.6)              	
	
In	conclusion,	the	Yang‐Mills	is	coupled	to	the	supergravity	in	order	to	obtain	the	
total	anomaly	polynomial	of	ܷܵሺ2ሻ ൈ ܷܵሺ2ሻ ൈ ܷሺ1ሻସଽ଴.		
This,	 of	 course,	 means	 that	 the	 contributions	 to	 the	 total	 anomaly	 are	ܫଵଶ௒ெ,	
ܫଵଶ௚௥௔௩௜௧௜௡௢	and	െ	ܫ12
ݏ݌݅݊12|࣬ൌ1.		
	
	
ܫଵଶ்ை் ൌ 164ሺ2ߨሻହ ൬
1
6 ݐݎܴ
ସݐݎܴଶ ൅ 124 ሺݐݎܴ
ଶሻଷ൰		
												െ	 18ሺ2ߨሻହ ൫ݐݎܨଵ
ଶ ൅ ݐݎܨଶଶ൯ ൬ 1360 ݐݎܴ
ସ ൅ 1288 ሺݐݎܴ
ଶሻଶ൰
൅ 1144ሺ2ߨሻହ ቀ൫ݐݎܨଵ
ଶ൯ଶ ൅ ሺݐݎܨଶଶሻଶቁ ݐݎܴଶ	
	
																																									െ ଵସହሺଶగሻఱ ሺሺݐݎܨ12ሻ3 ൅ ሺݐݎܨ22ሻ3	ሻ																										        (3.2.7)              	
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Once	the	total	anomaly	has	been	obtained,	a	final	check	of	its	factorization	must	
be	carried	out:	as	usual,	the	factorization	must	satisfy	ܫଵଶ ൌ ସܻ ∧ 	଼ܺ.		In	principle,	then,	the	factorization	has	the	following	form:	
	
൫ܿଵݐݎܴଶ ൅ ܿଶ	ݐݎܨଵଶ ൅ ܿଷ	ݐݎܨଶଶ൯ ∙ ሾܿସሺݐݎܴଶሻଶ ൅ ܿହ൫	ݐݎܨଵଶ൯ଶ ൅ ܿ଺൫	ݐݎܨଶଶ൯ଶ	
	
൅ܿ଻ݐݎܴଶݐݎܨଵଶ ൅ ଼ܿݐݎܴଶݐݎܨଶଶ ൅ ܿଽ	ݐݎܨଵଶݐݎܨଶଶ ൅ ܿଵ଴ݐݎܴସሿ		
Here	 we	 simply	 use	 the	 method	 of	 expanding	 and	 comparing	 that	 we	 have	
already	exploited	to	calculate	the	factorization	of	low	dimensional	groups.		
We	set	ܿଵ ൌ 1	and	proceed	to	obtain	ܿସ ൌ ଵଵହଷ଺ሺଶగሻఱ , ܿଵ଴ ൌ
ଵ
ଷ଼ସሺଶగሻఱ , ܿଶ ൌ െ
ଶ
ଵହ,		
ܿଷ ൌ െ ଶଵହ 	and	 ܿହ ൌ
ଵ
଺ሺଶగሻఱ	 upon	 comparison	 with,	 respectively,	 ሺݐݎܴଶሻଷ ,	
ݐݎܴସݐݎܴଶ,	ݐݎܨଵଶݐݎܴସ,	ݐݎܨଶଶݐݎܴସ	and	൫ݐݎܨଵଶ൯ଷ.		
These	newly	calculated	coefficients	allow	us	to	tackle	ܿ଻.	In	fact,	ܿ଻	is	represented	by	an	overdetermined	system	of	equations,	along	the	lines	of	the	systems	found	
in	section	2.5.	Specifically,	two	equations	describe	ܿ଻:	one	is	obtained	comparing	
the	terms	proportional	to	ሺݐݎܴଶሻଶݐݎܨଵଶ,	the	other	comparing	those	proportional	
to	ݐݎܴଶ൫ݐݎܨଵଶ൯ଶ.		
All	in	all,	the	system	yields	two	different	values,	with	the	obvious	conclusion	that	
ܷܵሺ2ሻ ൈ ܷܵሺ2ሻ ൈ ܷሺ1ሻସଽ଴	is	 indeed	 an	 anomalous	 theory.	 We	 can	 think	 of	 the	
overdetermined	system	as	the	anomalous	part	of	ܷܵሺ2ሻ.	One	can	also	check	that	
if	 the	 calculations	 are	 repeated	 for	ܨଶ,	଼ܿ	will	 be	 analogously	 impossible	 to	retrieve:	the	reason	is	of	course	the	fact	that	଼ܿ	carries	the	anomaly	of	the	second	ܷܵሺ2ሻ 	theory,	 which	 is	 related	 to	 the	 curvature	 ܨଶ 	from	 which	 the	overdetermined	system	arises.	
	
As	 a	 corollary,	 the	 above	 result	 sets	 constraints	 to	 theories	 in	 496	dimensions	
constructed	 increasing	 the	 number	 of 	ܷܵሺ2ሻ 	theories	 and	 simultaneously	
decreasing	the	order	of	ܷሺ1ሻ.	
Let	us	elaborate	on	this	thought.	ܴ	is	a	property	of	the	theory	as	a	combination	of	
supergravity	 and	 Yang‐Mills,	 therefore	 it	 does	 not	 change	 in	 the	 domain	 of	
theories	with	496	dimensions:	 in	 fact,	 it	will	be	clear	 in	the	next	examples	that	
the	first	term	of	the	anomaly	is	always		
	
ܫଵଶ்ை் ∝ 164ሺ2ߨሻହ ൬
1
6 ݐݎܴ
ସݐݎܴଶ ൅ 124 ሺݐݎܴ
ଶሻଷ൰	
	
Consequently,	this	term	is	invariant	under	addition	of	ܷܵሺ2ሻ	theories.		
As	 far	 as	 the	 curvature	 F	 is	 concerned,	 adding	 more	 theories	 increases	 the	
number	 of	 labeled	 curvatures,	 since	 these	 depend	 on	 the	 individual	
contributions.	
However,	 the	system	of	equations	 that	 invalidates	ܿ଻	only	depends	on	ݐݎܴଶ	and	
ݐݎܨଵଶ.	The	latter	term	survives	upon	addition	of	ܷܵሺ2ሻ	theories,	since	the	second	term	of	the	total	anomaly	polynomial	trivially	becomes	proportional	to:	
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ܫଵଶ்ை் ∝ ൫ݐݎܨଵଶ ൅ ݐݎܨଶଶ …൅ ݐݎܨ௡ଶ൯	
	
	
and	it	is	clear	that	no	term	ݐݎܨ௜ଶ		will	cancel	the	pre‐existing	ݐݎܨଵଶ.		By	induction,	therefore,	the	anomaly	is	carried	along	in	all	groups	of	the	form	
	
ܩଵ ൌෑܷܵሺ2ሻ௜ ൈ ܷሺ1ሻସଽ଺ିଷ௡
௡
௜ୀଵ
	
	
so	that	they	are	all	anomalous.		
Accidentally,	combinations	with	the	anomaly‐free	ܧ଼	are	not	permitted	as	long	as	there	is	a	ܷܵሺ2ሻ	theory,	since	this	will	carry	an	anomaly	that	cannot	be	cancelled	
upon	 addition	 of	ܧ଼.	 One	way	 to	 think	 about	 this	 is	 to	 consider	 that,	 as	 far	 as	anomalies	are	concerned,	the	proof	used	for	ܩଵ	is	invariant	upon	permutation	of	ܷሺ1ሻ	and	ܧ଼.		
	
			3.3	Combinations	of	ࡿ࢖ሺ૛ሻ	and	ࢁሺ૚ሻ	
	
The	 simplest	 theory	 in	 this	 case	 is 	ܵ݌ሺ2ሻ ൈ ܷݏ݌ሺ4ሻ ൈ ܷሺ1ሻସ଻଺ .	 The	 YM	
contribution	 is	 obtained	 summing	 two	 anomalies	 arising	 from	ܵ݌ሺ2ሻ	and	 one	
from	ܷሺ1ሻସ଻଺.	As	usual	for	the	latter	we	set	ݐ࣬ݎ 1 ൌ ܷ݀݅݉ሺ1ሻସ଻଺ ൌ 476	and	ܨ ൌ 0.	
As	far	the	former	is	concerned,	we	insert	the	trace	identities	for	ܵ݌ሺ2ሻ	[(2.5.1.1),	
(2.5.1.2),	(2.5.1.3)]	in	(3.2.2).	
	
	
																					ܫଵଶ௎ሺଵሻ
రళల ൌ ଵ଺ସሺଶగሻఱ ቀ
ସ଻଺
ହ଺଻଴ ݐݎܴ଺ ൅
ସ଻଺
ସଷଶ଴ ݐݎܴସݐݎܴଶ ൅
ସ଻଺
ଵ଴ଷ଺଼ ሺݐݎܴଶሻଷቁ						(3.3.1)	
	
	
ܫଵଶௌ௣ሺଶሻ ൌ
1
64ሺ2ߨሻହ ൬
10
5670 ݐݎܴ
଺ ൅ 104320 ݐݎܴ
ସݐݎܴଶ ൅ 1010368 ሺݐݎܴ
ଶሻଷ൰		
												െ	 316ሺ2ߨሻହ ሺݐݎܨ
ଶሻ ൬ 1360 ݐݎܴ
ସ ൅ 1288 ሺݐݎܴ
ଶሻଶ൰
൅ 11152ሺ2ߨሻ5 ݐݎܴ
2 ቀ3൫ݐݎܨ2൯2 ൅ 12ݐݎܨ2ቁ	
																																						— ଵ଻ଶ଴ሺଶగሻఱ ሾെ
ଽ
ଶ ሺݐݎܨଶሻଷ ൅ 42ݐݎܨସݐݎܨଶሿ																										(3.3.2)	
	
Starting	 from	 (3.3.2)	 we	 trivially	 generalize	 the	 anomaly	 to	 include	 a	 second	
contribution	of	ܵ݌ሺ2ሻ:	
	
ܫଵଶௌ௣ሺଶሻൈௌ௣ሺଶሻ ൌ
1
64ሺ2ߨሻହ ൬
20
5670 ݐݎܴ
଺ ൅ 204320 ݐݎܴ
ସݐݎܴଶ ൅ 2010368 ሺݐݎܴ
ଶሻଷ൰		
												െ	 316ሺ2ߨሻହ ൫ݐݎܨଵ
ଶ ൅ ݐݎܨଶଶ൯ ൬ 1360 ݐݎܴ
ସ ൅ 1288 ሺݐݎܴ
ଶሻଶ൰
൅ 11152ሺ2ߨሻ5 ݐݎܴ
2 ቀ3൫ݐݎܨଵଶ൯2 ൅ 12ݐݎܨଵଶ ൅ 3൫ݐݎܨଶଶ൯2 ൅ 12ݐݎܨଶଶቁ	
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			— 1720ሺ2ߨሻହ ሾെ
9
2 ൫ݐݎܨ1
2൯ଷ ൅ 42ݐݎܨ14ݐݎܨ12 െ 92 ൫ݐݎܨ2
2൯ଷ ൅ 42ݐݎܨ24ݐݎܨ22ሿ	
(3.3.3)	
	
The	Yang‐Mills	is	then	easily	obtained	from	the	individual	contributions:	
	
ܫଵଶ௒ெ ൌ 164ሺ2ߨሻହ ൬
496
5670 ݐݎܴ
଺ ൅ 4964320 ݐݎܴ
ସݐݎܴଶ ൅ 49610368 ሺݐݎܴ
ଶሻଷ൰		
												െ	 316ሺ2ߨሻହ ൫ݐݎܨଵ
ଶ ൅ ݐݎܨଶଶ൯ ൬ 1360 ݐݎܴ
ସ ൅ 1288 ሺݐݎܴ
ଶሻଶ൰
൅ 11152ሺ2ߨሻ5 ݐݎܴ
2 ቀ3൫ݐݎܨଵଶ൯2 ൅ 12ݐݎܨଵଶ ൅ 3൫ݐݎܨଶଶ൯2 ൅ 12ݐݎܨଶଶቁ	
			— 1720ሺ2ߨሻହ ሾെ
9
2 ൫ݐݎܨ1
2൯ଷ ൅ 42ݐݎܨ14ݐݎܨ12 െ 92 ൫ݐݎܨ2
2൯ଷ ൅ 42ݐݎܨ24ݐݎܨ22ሿ	
(3.3.4)	
Finally,	 the	 total	 anomaly	 polynomial	 is	 retrieved	 coupling	 the	 anomalies	 of	
Yang‐Mills	theory	and	supergravity,	exactly	as	done	in	section	3.2.	
	
	
ܫଵଶ்ை் ൌ 164ሺ2ߨሻହ ൬
1
6 ݐݎܴ
ସݐݎܴଶ ൅ 124 ሺݐݎܴ
ଶሻଷ൰		
														െ	 316ሺ2ߨሻହ ൫ݐݎܨଵ
ଶ ൅ ݐݎܨଶଶ൯ ൬ 1360 ݐݎܴ
ସ ൅ 1288 ሺݐݎܴ
ଶሻଶ൰	
൅ 11152ሺ2ߨሻହ ݐݎܴ
ଶ ቀ3൫ݐݎܨ12൯ଶ ൅ 12ݐݎܨ12 ൅ 3൫ݐݎܨ22൯ଶ ൅ 12ݐݎܨ22ቁ	
			— 1720ሺ2ߨሻହ ሾെ
9
2 ൫ݐݎܨ1
2൯ଷ ൅ 42ݐݎܨ14ݐݎܨ12 െ 92 ൫ݐݎܨ2
2൯ଷ ൅ 42ݐݎܨ24ݐݎܨ22ሿ	
(3.3.5)	
	
It	 is	 worthwhile	 pointing	 out	 that,	 as	 expected,	 the	 first	 term	 is	 the	 same	 as	
(3.2.7).	The	anomaly	polynomial	must,	for	the	usual	reasons,	factorize	in	such	a	
way	that:	
	
൫ܿଵݐݎܴଶ ൅ ܿଶ	ݐݎܨଵଶ ൅ ܿଷ	ݐݎܨଶଶ൯ ∙ ሾܿସ	ሺݐݎܴଶሻଶ ൅ ܿହ൫	ݐݎܨଵଶ൯ଶ ൅ ܿ଺൫	ݐݎܨଶଶ൯ଶ	
	
൅ܿ଻ݐݎܴଶݐݎܨଵଶ ൅ ଼ܿݐݎܴଶݐݎܨଶଶ ൅ ܿଽ	ݐݎܨଵଶݐݎܨଶଶ ൅ ܿଵ଴	ݐݎܴସ ൅ ܿଵଵݐݎܨଵସ ൅ ܿଵଶݐݎܨଶସሿ		
As	 a	 starting	 point	 we	 set	ܿଵ ൌ 1.	 Then	 we	 obtain	ܿସ ൌ ଵଵହଷ଺ሺଶగሻఱ,	ܿଵ଴ ൌ
ଵ
ଷ଼ସሺଶగሻఱ,	
ܿଷ ൌ െ ଵହ,	ܿଶ ൌ െ
ଵ
ହ,	ܿଵଵ ൌ
଻
ଶସሺଶగሻఱ,	ܿ଺ ൌ െ
ଵ
ଷଶሺଶగሻఱ	and	ܿହ ൌ െ
ଵ
ଷଶሺଶగሻఱ.	
These	 values	 have	 been	 obtained	 comparing	 terms	 proportional	 to	ሺݐݎܴଶሻଷ,	
ݐݎܴସݐݎܴଶ,	ݐݎܨଶଶݐݎܴସ,	ݐݎܨଵଶݐݎܴସ,	ݐݎܨଵଶݐݎܨଵସ,	൫ݐݎܨଶଶ൯ଷand	൫ݐݎܨଵଶ൯ଷ,	respectively.	
	
Such	constants	leave	us	with	an	usual	overdetermined	system	of	equations	for	ܿ଻	
obtained	comparing	൫ݐݎܨଵଶ൯ଶݐݎܴଶ	and	ݐݎܨଵଶሺݐݎܴଶሻଶ.		
A	 trivial	 inspection	 shows	 that	 the	 system	 is	 impossible	 and	 that	 therefore	
ܵ݌ሺ2ሻ ൈ ܵ݌ሺ2ሻ ൈ ܷሺ1ሻସ଻଺	is	anomalous.	In	conclusion,		
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ܩଶ ൌෑܵ݌ሺ2ሻ௜ ൈ ܷሺ1ሻସଽ଺ିଵ଴௠
௠
௜ୀଵ
	
	
is	found	to	be	anomalous	for	the	same	reasons	as	the	previous	generalized	group	
ܩଵ.	 It	 is	not	even	possible	 to	combine	ܧ଼	with	ܵ݌ሺ2ሻ	in	 such	a	way	 to	obtain	an	anomaly‐free	theory	in	496	dimensions.	This	is	quickly	ruled	out	by	the	anomaly	
carried	 by	ܵ݌ሺ2ሻ,	 which	 survives	 upon	 addition	 of	 anomaly‐free	 as	 well	 as	
anomalous	theories.		
	
	
				3.4	Combinations	of	ࡿࢁሺ૛ሻ,	ࡿ࢖ሺ૛ሻ	and	ࢁሺ૚ሻ	
	
	
We	expect	all	theories	of	this	form	to	be	anomalous,	the	reason	being	that	they	
are	constructed	out	of	anomalous	contribution.	
As	a	check,	however,	we	will	try	to	factorize	ܵ݌ሺ2ሻ ൈ ܷܵሺ2ሻ ൈ ܷሺ1ሻସ଼ଷ.	This	will	
allow	us	to	make	more	general	conclusions	for	the	group:		
	
ܩଷ ൌෑܷܵሺ2ሻ௜ ൈෑܵ݌ሺ2ሻ௜ ൈ ܷሺ1ሻସଽ଺ିଵ଴௠ିଷ௡
௠
௜ୀଵ
௡
௜ୀଵ
	
(3.4.1)	
The	two	anomalies	that	add	up	to	the	anomaly	of	the	Yang‐Mills	theory	are:	
	
																					ܫଵଶ௎ሺଵሻ
రఴయ ൌ ଵ଺ସሺଶగሻఱ ቀ
ସ଼ଷ
ହ଺଻଴ ݐݎܴ଺ ൅
ସ଼ଷ
ସଷଶ଴ ݐݎܴସݐݎܴଶ ൅
ସ଼ଷ
ଵ଴ଷ଺଼ ሺݐݎܴଶሻଷቁ						(3.4.2)	
	
ܫଵଶௌ௣ሺଶሻൈௌ௎ሺଶሻ ൌ
1
64ሺ2ߨሻହ ൬
13
5670 ݐݎܴ
଺ ൅ 134320 ݐݎܴ
ସݐݎܴଶ ൅ 1310368 ሺݐݎܴ
ଶሻଷ൰		
												െ	 116ሺ2ߨሻହ ൫2ݐݎܨଵ
ଶ ൅ 3ݐݎܨଶଶ൯ ൬ 1360 ݐݎܴ
ସ ൅ 1288 ሺݐݎܴ
ଶሻଶ൰
൅ 11152ሺ2ߨሻ5 ݐݎܴ
2 ቀ8൫ݐݎܨଵଶ൯2 ൅ 3൫ݐݎܨଶଶ൯2 ൅ 12ݐݎܨଶଶቁ	
			— 1720ሺ2ߨሻହ ሾ16൫ݐݎܨ1
2൯ଷ െ 92 ൫ݐݎܨ2
2൯ଷ ൅ 42ݐݎܨ24ݐݎܨ22ሿ	
(3.4.3)	
	
So	that	the	anomaly	of	the	Yang‐Mills	is:	
	
ܫଵଶ௒ெ ൌ 164ሺ2ߨሻହ ൬
496
5670 ݐݎܴ
଺ ൅ 4964320 ݐݎܴ
ସݐݎܴଶ ൅ 49610368 ሺݐݎܴ
ଶሻଷ൰		
												െ	 116ሺ2ߨሻହ ൫2ݐݎܨଵ
ଶ ൅ 3ݐݎܨଶଶ൯ ൬ 1360 ݐݎܴ
ସ ൅ 1288 ሺݐݎܴ
ଶሻଶ൰
൅ 11152ሺ2ߨሻ5 ݐݎܴ
2 ቀ8൫ݐݎܨଵଶ൯2 ൅ 3൫ݐݎܨଶଶ൯2 ൅ 12ݐݎܨଶଶቁ	
																						— ଵ଻ଶ଴ሺଶగሻఱ ሾ16൫ݐݎܨ12൯
ଷ െ ଽଶ ൫ݐݎܨ22൯
ଷ ൅ 42ݐݎܨ24ݐݎܨ22ሿ															(3.4.4)	
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and	finally	we	retrieve	the	total	anomaly	polynomial:	
	
ܫଵଶ்ை் ൌ 164ሺ2ߨሻହ ൬
1
6 ݐݎܴ
ସݐݎܴଶ ൅ 124 ሺݐݎܴ
ଶሻଷ൰		
												െ	 116ሺ2ߨሻହ ൫2ݐݎܨଵ
ଶ ൅ 3ݐݎܨଶଶ൯ ൬ 1360 ݐݎܴ
ସ ൅ 1288 ሺݐݎܴ
ଶሻଶ൰
൅ 11152ሺ2ߨሻ5 ݐݎܴ
2 ቀ8൫ݐݎܨଵଶ൯2 ൅ 3൫ݐݎܨଶଶ൯2 ൅ 12ݐݎܨଶଶቁ	
																						— ଵ଻ଶ଴ሺଶగሻఱ ሾ16൫ݐݎܨ12൯
ଷ െ ଽଶ ൫ݐݎܨ22൯
ଷ ൅ 42ݐݎܨ24ݐݎܨ22ሿ															(3.4.5)	
	
The	proposed	factorization	is:	
	
൫ܿଵݐݎܴଶ ൅ ܿଶ	ݐݎܨଵଶ ൅ ܿଷ	ݐݎܨଶଶ൯ ∙ ሾܿସሺݐݎܴଶሻଶ ൅ ܿହ൫	ݐݎܨଵଶ൯ଶ ൅ ܿ଺൫	ݐݎܨଶଶ൯ଶ	
	
൅ܿ଻	ݐݎܴଶݐݎܨଵଶ ൅ ଼ܿ	ݐݎܴଶݐݎܨଶଶ ൅ ܿଽ	ݐݎܨଵଶݐݎܨଶଶ ൅ ܿଵ଴	ݐݎܴସ ൅ ܿଵଵ	ݐݎܨଶସሿ		
	
However,	following	the	same	method	developed	above	and	comparing	the	usual	
terms	in	Fଵ,	we	check	that	the	overdetermined	system	of	equations	is	exactly	the	one	 found	 for	ܷܵሺ2ሻ ൈ ܷܵሺ2ሻ ൈ ܷሺ1ሻସଽ଴.	Comparing	 the	 terms	 in	Fଶ,	we	 instead	obtain	the	same	equations	of	ܵ݌ሺ2ሻ ൈ ܵ݌ሺ2ሻ ൈ ܷሺ1ሻସ଻଺.	This	reinforces	our	ideas	
that	 the	 overdetermined	 systems	 of	 equations	 carry	 the	 information	 of	 the	
anomaly	for	the	group	out	of	which	they	are	constructed.	
Either	anomaly	is	not	cancelled	upon	addition	of	any	term.	and	ܩଷ	is	anomalous.			
	
	
	
This	 last	 section	 concludes	 our	 analysis	 of	 theories	 in	 D=10.	 It	 is	 found	 that,	
indeed,	ܱܵሺ32ሻ,	ܧ଼ ൈ ܧ଼,	ܷሺ1ሻସଽ଺and	ܧ଼ ൈ ܷሺ1ሻଶସ଼	are	the	only	groups	where	the	anomaly	is	cancelled.		
However,	 the	 hope	 is	 that	 this	 explicit	 analysis	 could	 be	 of	 any	 help	 in	
understanding	the	quite	vast	literature	in	anomaly	cancellation.	We	also	hope	to	
have	conveyed	a	convincing	argument	on	how	anomalies	behave	when	theories	
are	considered	individually	and	in	combination	with	other	ones.	
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Appendix	
	
	
A.	Constructing	a	Green‐Schwarz	term	for	ࢁሺ૚ሻ૝ૢ૟	
	
	
The	anomaly	of	the	YM	theory	coincides	with	the	anomaly	arising	from	ܷሺ1ሻ.		
	
	ܫଵଶ௒ெ ൌ ܫଵଶ௎ሺଵሻ
రవల ൌ 164ሺ2ߨሻହ ൬
496
5670 ݐݎܴ
଺ ൅ 4964320 ݐݎܴ
ସݐݎܴଶ ൅ 49610368 ሺݐݎܴ
ଶሻଷ൰	
	
The	total	anomaly	becomes:	
	
ܫଵଶ்ை் ൌ 164ሺ2ߨሻହ ൬
1
6 ݐݎܴ
ସݐݎܴଶ ൅ 124 ሺݐݎܴ
ଶሻଷ൰	
	
where	we	have	set,	as	usual,	ܨ ൌ 0.	From	the	total	anomaly	polynomial	we	can	
trivially	 see	 by	 inspection	 that	 the	 term	ݐݎܴଶ	is	 common	 to	 both	 addends.	
Therefore,	the	factorization	of	the	polynomial	is	readily	obtained:	
	
ܫଵଶ்ை் ൌ 164ሺ2ߨሻହ ݐݎܴ
ଶ ൬16 ݐݎܴ
ସ ൅ 124 ሺݐݎܴ
ଶሻଶ൰	
	
The	counterterm	needed	to	cancel	the	polynomial	has	the	following	form:	
	
Δܫመଵଶ ൌ െݐݎܴଶ ∧ ଼ܺ		
since,	 of	 course,	 ,	ܨ ൌ 0	for	 the	 theory	we	 are	 considering.	 The	Green‐Schwarz	
term	is	chosen	in	such	a	way	that	it	cancels	the	anomaly.	Specifically:	
	
଼ܺ ൌ 164ሺ2ߨሻହ ൬
1
6 ݐݎܴ
ସ ൅ 124 ሺݐݎܴ
ଶሻଶ൰	
	
so	that		
	
Δܫመଵଶ ൌ െ 164ሺ2ߨሻହ ݐݎܴ
ଶ ൬16 ݐݎܴ
ସ ൅ 124 ሺݐݎܴ
ଶሻଶ൰ ൌ െܫଵଶ்ை்	
	
ܫଵଶ்ை் ൅ Δܫመଵଶ ൌ 0		
e.g.	the	total	anomaly	polynomial	is	cancelled	via	the	Green‐Schwarz	Mechanism.	
	
	
B.	Constructing	a	Green‐Schwarz	term	for	ࡱૡ ൈ ࢁሺ૚ሻ૛૝ૡ		
In	 order	 to	 construct	 the	 anomaly	 of	 the	 YM	 theory	 we	 need	 the	 individual	
contributions	from	ܧ଼	and	ܷሺ1ሻଶସ଼:	
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	ܫଵଶ௎ሺଵሻ
మరఴ ൌ 164ሺ2ߨሻହ ൬
248
5670 ݐݎܴ
଺ ൅ 2484320 ݐݎܴ
ସݐݎܴଶ ൅ 24810368 ሺݐݎܴ
ଶሻଷ൰	
	
For	ܧ଼	we	use	the	following	trace	identities	[3]:		
ܶݎܨଶ ൌ ݐݎܨଶ	
	
ܶݎܨସ ൌ 1100 ሺݐݎܨ
ଶሻଶ	
	
ܶݎܨ଺ ൌ 17200 ሺݐݎܨ
ଶሻଷ	
	
Then	the	contribution	to	the	anomaly	is:	
	
ܫଵଶாఴ ൌ
1
64ሺ2ߨሻହ ൬
248
5670 ݐݎܴ
଺ ൅ 2484320 ݐݎܴ
ସݐݎܴଶ ൅ 24810368 ሺݐݎܴ
ଶሻଷ൰		
												െ	 132ሺ2ߨሻହ ሺݐݎܨ
ଶሻ ൬ 1360 ݐݎܴ
ସ ൅ 1288 ሺݐݎܴ
ଶሻଶ൰ ൅ 1115200ሺ2ߨሻହ ሺݐݎܨ
ଶሻଶݐݎܴଶ	
	
															െ ଵହଵ଼ସ଴଴ሺଶగሻఱ ሺݐݎܨ2ሻ3																																																															              	
	
So	that	the	total	anomaly	polynomial	is:		
	
ܫଵଶ்ை் ൌ 164ሺ2ߨሻହ ൬
1
6 ݐݎܴ
ସݐݎܴଶ ൅ 124 ሺݐݎܴ
ଶሻଷ൰		
												െ	 132ሺ2ߨሻହ ሺݐݎܨ
ଶሻ ൬ 1360 ݐݎܴ
ସ ൅ 1288 ሺݐݎܴ
ଶሻଶ൰ ൅ 1115200ሺ2ߨሻହ ሺݐݎܨ
ଶሻଶݐݎܴଶ	
	
															െ 1518400ሺ2ߨሻହ ሺݐݎܨ
2ሻ3	
	
The	factorization	of	the	theory	has	the	following	form:	
	
ܫଵଶ்ை் ൌ ሺܿଵݐݎܴଶ ൅ ܿଶ	ݐݎܨଶሻ ∙ ሾܿଷሺݐݎܴଶሻଶ ൅ ܿସሺ	ݐݎܨଶሻଶ ൅ ܿହ	ݐݎܴଶݐݎܨଶ ൅ ܿ଺	ݐݎܴସሿ		
Upon	expansion	and	comparison	with	the	terms	of	the	total	anomaly	polynomial	
the	following	coefficients	are	retrieved:	
	
ܫଵଶ்ை் ൌ 1384ሺ2ߨሻହ ൬ݐݎܴ
ଶ െ 130 ݐݎܨ
ଶ൰ ൥ሺݐݎܴ
ଶሻ
4
ଶ
൅ ሺ	ݐݎܨ
ଶሻ
450
ଶ
െ	ݐݎܴ
ଶݐݎܨଶ
30 ൅ 	ݐݎܴ
ସ൩	
	
We	have	obtained	the	factorized	form	that	allows	us	cancelling	the	anomaly	via	
the	Green‐Schwarz	Mechanism.	The	particular	gauge	term	is:	
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଼ܺ ൌ 1384ሺ2ߨሻହ ൥
ሺݐݎܴଶሻ
4
ଶ
൅ ሺ	ݐݎܨ
ଶሻ
450
ଶ
െ	ݐݎܴ
ଶݐݎܨଶ
30 ൅ 	ݐݎܴ
ସ൩	
	
So	that:	
	
Δܫመଵଶ ൌ 1384ሺ2ߨሻହ ൬
1
30 ݐݎܨ
ଶ െ ݐݎܴଶ൰ ൥ሺݐݎܴ
ଶሻ
4
ଶ
൅ ሺ	ݐݎܨ
ଶሻ
450
ଶ
െ	ݐݎܴ
ଶݐݎܨଶ
30 ൅ 	ݐݎܴ
ସ൩	
	
As	required	to	cancel	the	anomaly	via	the	Green‐Schwarz	mechanism.	
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